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Abstract In the present paper, we establish a subordination theorem involving a multiplier 
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81. Introduction and preliminaries 


Let A, denote the class of functions of the form 














Co 
f(z) =2?+ S- anz*®, (pEN;zeE 
k=p+1 


wa 











which are analytic and p-valent in the open unit disk E = {z : |z| < 1}. Obviously, A; = A, 
the class of all analytic functions f, normalized by the conditions f(0) = f’(0) — 1 = 0. Let the 
functions f and g be analytic in E. We say that f is subordinate to g in E (written as f ~ g), if 
there exists a Schwarz function ¢ in E (ie. ¢ is regular in |z| < 1, 6(0) = 0 and |@(z)| < |z| < 1) 
such that 









































f(z) = 9()), lal <1. 


Let 6: C? x EC be an analytic function, p an analytic function in E with (p(z), zp'(z); z) € 





















































C? x E for all z € E and h be univalent in E. Then the function p is said to satisfy first order 











differential subordination if 
®(p(z), zp’ (2); z) = h(z), ®(p(0), 0; 0) = h(0). (1) 


A univalent function q is called a dominant of the differential subordination (1) if p(0) = q(0) 
and p ~ q for all p satisfying (1). A dominant g that satisfies g < q for all dominants gq of (1), 
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is said to be the best dominant of (1). The best dominant is unique up to a rotation of E 

















A function f € A, is said to be p-valent starlike of order a(0 < a < p) in E if 
| 
R ( >a,zEE 
f(z) 


Let S}(a) denote the class of p-valent starlike functions of order a. Write S>(0) = S>, the class 

















of p-valent starlike functions. 











A function f € A, is said to be p-valent convex of order a(0 < a < p) in E if it satisfies the 


a (1428) saucer 


Let the class of such functions be denoted by K,(a). Let K,(0) = Kp, the class of p-valent 


convex functions. 





condition 


























A function f € Ap is said to be p-valent parabolic starlike in E if 
) zf'(z) 
R ( > Dp 
f(z) f(z) 


Let S%Z, denote the class of p-valent parabolic starlike functions. Write St = Sp, the class of 

















Z2ek 











parabolic starlike functions. 











A function f € Ap, is said to be uniformly p-valent convex in E if 
" W 

2 (1422) > [Po 

f(z) f(z) 

and is denoted by UCVp, the class of uniformly p-valent convex functions and Let UCV; = UCV, 




















p=) 


2 49 











the class of uniformly convex functions. 
For f € Ap, we define the multiplier transformation [,(n, A) as 


Co k+ 2X n 
I,(n, A)[f](z) = 2? + a (5) apz", where \ > 0,n € Z. 


k=p+1 pr 





Recently, Billing [2-6] and Singh et al. [15, 16] investigated the operator I[,(n,) and ob- 
tained certain sufficient conditions for starlike and convex functions. Earlier, this operator 
was studied by Aghalary et al. [1]. In 2003, Cho and Srivastava [8] and Cho and Kim 
[7] investigated the operator I,(n, A), whereas Uralegaddi and Somanatha [17] studied the 


operator I,(n,1). The operator I,(n,0) is the well-known Salagean [14] derivative operator 


D" f(z) =2+ >) kapz*,n € No =NU {0} and f € A. 
k=2 
Let S,,(a@) denote the class of functions f € A for which 


(FO) 5 ace r0<a<l. 














Df \(z) 
In 1989, Owa, Shen and Obradovié [12] studied this class and proved the following result. 
Theorem 1.1. Forn €No. if f CA satisfies 


| DTA) 





-1 














De Tf](z) 


i | Dr+{f\(2) 
Drifl(2) 
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D™F2))\ : 
Delfi ) 7 oe FE Sul) 


Later on, Li and Owa [9] extended this result by proving the following result. 
Theorem 1.2. Forn €No, if f EA satisfies 


for some a(0<a< 1/2) and B(0 < 6 <1) then n( 


y 


y] 


Nie 


De? [f](2) 
Det fl(2) 


2 ? 
2F(1—a)P*7, $< a<l. 





pale 


' (1—a)V(2 -—a)®, O<aK< 
D"lf\(z) 








for some a(0 <a <1),8 > 0 andy > 0 with B+7 > 0, then f € Si(a), ne No. Let 
Sn(p, A, @) denote the class of functions f € A, for which 


I(n+i U0). a 
n (eee) os 


In 2008, Billing et al. [15] investigated the above class and proved the following sufficient 

















L,0<a<p. 


condition for a multivalent function to be a member of this class. 
Theorem 1.3. Let f € A, satisfy 


Y 











1 < M(p, A, a, 8,y),2 € E, 








I(r +1, HUA) eee 
Ip(n, A)[ Ff] (2) Ip(n + 1, A)[f](z) 

for some real numbers a, and y such thatO <a<p,B>0,7y >0,6+~7 > 0, then f € 

Sn(p,r,a), where n € No and 











Oars 





2(p+A , 
M(p, A, a, B,Y) = : +B ? ce : . 


For f € Ap, we define a class S,,(p, A) consisting of functions which satisfy 


I,(n +1, AJFI(2) I,(n +1, AJTFI(2) 
n(n) ) > antiey 2p 2 io 
where \ > 0,n € No. Note that So(p,0) = SZ and S;(p,0) = UCV,. Define the parabolic 


domain Q as under 
Q={u+iv:u>V(u-—p)?+v?}. 


sons ue(4)) 


maps the unit disk E onto the domain 2. Hence the condition (2) is equivalent to 


Tp(n + 1, ANF) 
Tp(n, A)[f](2) 




















z 





>) 








Clearly the function 




















< q(z) 


where q(z) is given above. 

Ronning [13] and Ma and Minda [10] studied the domain 2 and the above function q(z) in a 
special case where p = 1. In the present paper, we obtain sufficient conditions for a function 
f € A, to be a member of class S,(p,A). As consequences of our main result, we obtain 
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sufficient conditions for parabolic starlikeness, starlikeness, uniform convexity and convexity of 
multivalent /univalent analytic functions. 


To prove our main results, we shall use the following lemma of Miller and Mocanu ( [11], p.132). 











Lemma 1.1. Let q be a univalent in E and let 0 and ¢ be analytic in a domain D 
containing q(E), with d(w) 4 0, when w € q(E). Set Q(z) = zq'(z)dlq(z)], h(z) = O[¢(z)] + Q(z) 
and suppose that either 





























(i) h is convex, or 

(ti) Q is starlike. 

In addition, assume that 
io ea ; 

iii) R >0 for all zinE 

ci) () > 94 

If p is analytic in E, with p(0) = ¢(0), p(E) C D and 


















































A[p(z)] + zp'(z)¢lp(2)] < Ala(z)] + 2q'(z)¢la(2)], 2 € E, 





then p(z) ~ q(z) and q is the best dominant. 


§2. Main Result 


In what follows, all the powers taken are principal ones. 














Theorem 2.1. Let q(z) be a univalent function in E such that 


rit pele) (2 i) “1 >0 








q' (2) Bp q(2) 
(ii) R E 4 a (3 1) we (1 # +) (+ ra] >0. 


If f € Ap satisfies 


Ip(n +1, NFM)” (Fol +2 NO)? cara (g¢2) . 271 _\" 
“aoe ) Farina) +e" (+ ge) © 








then 
I,(n +1, ATFI(2) 


Ip(n, A)[FI(2) 
where X >0,n € No and B,y are complex numbers such that B 4 0. 


Proof. On writing po +L AA) = u(z), in (3), we obtain: 


Tp(n, A)[f](2) 














< q(z),2 €E, 











(p+ Aju (p+A)q 
or 
gar, w(z)Pteal(2) ga, a(2)Bteq'(2) 
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and ae 
nals (p+ A) 
Therefore, ; 
Q(z) = 6(4(2))2a(z) = mC 2 @) 
and 
h(z) = (q(z)) + Q(z) = (q(2))** + in aay (2) 

On differentiating, we obtain aa ee ee \ 1) “1 and 

zh'(z) = zq!'(z) y z¢q' ( | | 

a * ae” G Dire q(z + (143 (p+ Aq 





h! 
In view of the given conditions, we see that Q is starlike and R (3 is > 0. 
z 











Therefore, the proof, now follows from Lemma 1.1. 





Remark. Setting \ =0 and p=1 in Theorem 2.1, we have the following result. 
Theorem 2.2. If f € A satisfies 


ea ea < (2) (ate) + a 2k, 























then 
D™tFfl@) 


D"[f\(2) 


where n € No and B,y are complex numbers such that 6B # 0. 














q(z),z EE, 


§3. Applications 





EN 
2 1 
Remark 3.1. When we select the dominant q(z) = 1+— (io ( zs =) in Theorem 
T —Vz 


2.1, a little calculation yields that 


14 2) | (3 1) zgi(z) 1+2 Vi 


ge) ~\B~°) ale) ~ 20-2) * 2) tog (2B) 








4,/z 1+/Jfz 
coe log (#2 %) 


| € : 1+ 3, (log (1¥2))° 
OR : ed (2) 











dk 





1+ 














q' (2) B 
ghee : afZ +(3 1) BAD log 2) 
702) "a= 2)log (FB) MF 14 3 (tos (8) 


or 
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+(1+3) (p + A) c = (we (HH) | 


Thus for B,y € R such that = < 2 B 
of Theorem 2.1. Therefore, we we iminiedeth arrive at the following result. 
Theorem 3.1. Let y and £ be real numbers such that = < 3 < 3. If f € Ap satisfies 


(recon) Ceecreapia) <{2+a (oe(T¥2)) } 


B 











< 3, we notice that q(z) satisfies the condition (i) and (it) 
































og (712 
Boa(2A)) ogy eee 





then f € S,(p,A), where X > 0,n € No. 
Setting A = n = 0 in Theorem 3.1, we get the following result. 
Corollary 3.1. Let y and 8 be real numbers such that = < 3 < 3. If f € Ap satisfies 


Ga) CeO Re)y <pra (oe) fp 
(ios (432)) wits lee (E92) , 


eos 
ee 1- Vz 





























2 





then f € S$. 
Setting p = 1 in above corollary, we get: 


Corollary 3.2. Let y and 8 be real numbers such that “3 < 3 < 3. If f cA satisfies 


Cet) (+) «free ))} 
then f € Sp. 


Vz 
B 
2 1% u, 
Setting A = 0,n = 1 in Theorem 3.1, we obtain the following sae 
Corollary 3.3. Let y and 8 be real numbers such that =3 < % 3 < 3 If f © Ap satisfies 


f(ofyp Boemmucgeeny’ 


{+H (om(T8)) } 
































2 


4,/z 14+-/z 
1+ S (i ($242) + sated los (9 
T 1-Vz 14 3, (log (14 vi) 





) 
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an Fors pen 
1 —Zz g —/z 
ee al 2) (=) 


2 1% 
SWE 9 3 (los (2842) 














% 





then f © UCV,. 
Setting p = 1 in above corollary, we get: 
Corollary 3.4. Let y and 8 be real numbers such that = < 3 < 3. If fed satisfies 


(+68) 0 gear) «(+d mG) } 






































AV Jog (14vz) )’ 
2 (C2) SE) oe 


then f © UCV. 
1 
Remark 3.2. When we select the dominant q(z) = i ue in Theorem 2.1, a little 
—Z 





calculation yields that 


Fe (j-9) EGS 


zq" (2) (2 ) zq' (2) ( z) 1+z (3 ) 22 
1+ + 1 +(1+—](pwt+A)dqz) = 1 
ae *\8 +) ale) ge OMe NB ae 
4(14 2 pany 
pyre ete 
Clearly, q(z) satisfies condition (i) and (ii) of Theorem 2.1 for y = B = 1 ory = 0. For 
y = 8 =1, Theorem 2.1 yields: 
Theorem 3.2. If f € Ap satisfies 
































ot 2.A1MG) (142)*, 2 | 
I,(n, r)[F](2) <(*) "@tnd—z2’° , 


then 





L etl NIN) +2 
Ip(n, A) [Ff] (2) LZ 











ze, 





where X >0,n € No. 
Setting A = n = 0 in Theorem 3.2, we get the following result. 
Corollary 3.5. If f € Ap satisfies 


21 ( 00) ieee ee 
fey Ct fe) Sp" ee) * Gage =” 
then f € Sp. 


Setting p = 1 in above corollary, we get: 
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No. 





Corollary 3.6. If f € A satisfies 
zf'(z) i zf"(z) 5 1l+z on 2Qz 2e€E 
F(z) f(z) l-z (1-2)? 
then f € S*. 
Setting A = 0,n = 1 in Theorem 3.2, we obtain the following result. 


Corollary 3.7. If f € Ap satisfies 


3zf"(z) gga) cs) Qpz 
7@ Pe ~P aa) Oa 
































ze, 





then f € Kp. 


Setting p = 1 in above corollary, we get the following condition for convexity. 


Corollary 3.8. If f € A satisfies 


Sapte) oo fy l+z 2 | Qy ; 
pay trey < (Gaz) ta aaeee® 








14 











then f EK. 
For y = 0, Theorem 2.1 reduces to: 
Theorem 3.3. If f € Ap satisfies 






































p(n +20) +2, eg 

Tn +L AG) < 1-2 * ra ay? ® 
= prs LAINE) 142 ey 
Tt FIG) < 1-2"? 


where X >0,n € No. 
Setting A = n = 0 in Theorem 3.3, we get the following result. 
Corollary 3.9. If f € Ap satisfies 


zf"(z)  p(l+z) 2z cE 
epi degra e 














then f € S>. 
Setting p = 1 in above corollary, we obtain the following result. 
Corollary 3.10. If f € A satisfies 





Wy 1 9 
eel eee i, 


fi) ~1-2" @-2)’ 














then f € S*. 
Setting A = 0,n = 1 in Theorem 3.3, we get: 
Corollary 3.11. If f € A, satisfies 


aef'(a)+ 22) pate), 2% op 
Mate" ~ 1-2 T= ay s™ 

















then f € Kp. 
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Setting p = 1 in above corollary, we have the following result. 
Corollary 3.12. If f € A satisfies 


mC ee a, Z 1l+z 2z cE 
'— fl(z) + zf"(z) l-z 1-2?’ * 

















then f EK. 
Remark 3.3. When we select the dominant q(z) = e* in Theorem 2.1, a little calculation 


yields that 
zq''(z) 


ey (3-1) ey 


14 ae ( 1) 40 (1 3) (p4 Aa(2) =14+ G+ (1+3) (p+ A)e*. 


Thus for 8,y € R such that 0 < 3 <1, we notice that q(z) satisfies the condition (i) and (ti) 
of Theorem 2.1. Therefore, we immediately arrive at the following result. 
Theorem 3.4. Let y and £ be real numbers such that 0 < 3 <li iff ¢ Ap satisfies 


(ee) (PEARY <e (e+ sds) see 





























a I,(n +1, AUC) 


Tp(n, A)[f](2) 

















<e’,zEE, 


where \ > 0,n € No. 
Setting A = n = 0 in Theorem 3.4, we get the following result. 
Corollary 3.13. Let y and 8 be real numbers such that 0 < 3 <1. iff €¢ Ap satisfies 


(58) EO GY} <r (+8) eee 
then f € S*. 


Setting p = 1 in above corollary, we obtain the following condition for starlikeness. 
Corollary 3.14. Let y and 8 be real numbers such that 0 < 3 <lLiIffeA satisfies 


(AAOY’ (1+ 2H el (e842) 2 ER, 



































then f € S*. 
Setting A = 0,n = 1 in Theorem 3.4, we get: 
Corollary 3.15. Let y and 8 be real numbers such that 0 < 3 <li iff €Ap satisfies 


Ore} oOo are} <r (43) eek 


then f € Kp. 
Setting p = 1 in above corollary, we get: 
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Corollary 3.16. Let y and 8 be real numbers such that 0 < 3 <lLiIffeA satisfies 


(FEY (REY core sar vct 




















then f EK. 
Remark 3.4. When we select the dominant q(z) =1+a4z;0<a< 1 in Theorem 2.1, a 
little calculation yields that 


tae eg ee 
1 Ds (5-9) BOs (149) eamer-te (Ga) 
(1 2) (p+ A)(1 + az). 


Thus for B,y € R such that y = 0, we notice that q(z) satisfies the condition (i) and (ti) of 
Theorem 2.1. Therefore, we immediately get the following result. 
Theorem 3.5. If f € Ap satisfies 


In +2, N42) we, 
L@+L IG)" Geadees)’ 






































oe I,(n +1, M141) 


T,(n, A)[f](2) 

















<l+az,z€E, 


where X > 0,n € No. 
Setting A = n = 0 in Theorem 3.5, we get the following result. 
Corollary 3.17. If f € A, satisfies 


zf"'(z) nae az, 
Foy oe) Gara 














1+ 








then f € Sy. 
Setting p = 1 in above corollary, we obtain the following result. 
Corollary 3.18. If f € A satisfies 


zf"(z) ep nas az 


f(z) 




















then f € S*. 
Setting A = 0,n = 1 in Theorem 3.5, we get: 
Corollary 3.19. If f € A, satisfies 
Qzf"(z) + 27 f(z) az 
T 4 
f(z) + 2f"(z) (1 + az) 











1+ 











then f € Kp. 
Setting p = 1 in above corollary, we obtain the following result for convex functions. 
Corollary 3.20. If f € A satisfies 


Qz f(z) + 27 f(z) az 
f(z) + zf"(z) era Tage” 

















then f EK. 
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Abstract In this paper, the authors introduce a new type of connected spaces called pre 
generalized b -connected spaces (briefly pgb-connected spaces) in topological spaces. The 
notion of pre generalized b -compact spaces is also introduced (briefly pgb-compact spaces) in 
topological spaces. Some characterizations and several properties concerning pgb-connected 
spaces and pgb-compact spaces are obtained. 

Keywords pgb-closed sets, pgb-closed map, pgb-continuous map, contra pgb-continuity. 
2010 Mathematics Subject Classification 54C05, 54C08, 54C10. 


81. Introduction 


Topological spaces are mathematical structures that allow the formal definitions of con- 
cepts such as connectedness, compactness, interior and closure. In 1974, Das [4] defined the 
concept of semi-connectedness in topology and investigated its properties. Compactness is one 
of the most important, useful and fundamental concepts in topology. In 1981, Dorsett [6] in- 
troduced and studied the concept of semi-compact spaces. In 1990, Ganster [7] defined and 
investigated semi-Lindelof spaces. Since then, Hanna and Dorsett [10], Ganster and Mohammad 
S. Sarsak [8] investigated the properties of semi-compact spaces. The notion of connectedness 
and compactness are useful and fundamental notions of not only general topology but also of 
other advanced branches of mathematics. 

Ganster and Steiner [9] introduced and studied the properties of gb-closed sets in topologi- 
cal spaces. Benchalli et al [2] introduced gb - compactness and gb - connectedness in topological 
spaces. Dontchev and Ganster [5] analyzed sg - compact space. Later, Shibani [14] introduced 
and analyzed rg - compactnes and rg - connectedness. Crossely et al [3] introduced semi - 
closure. Vadivel et al [15] studied rga - interior and rga - closure sets in topological spaces. 
The aim of this paper is to introduce the concept of pgb-connected and pgb-compactness in 
topological spaces. 
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§2. Preliminary Notes 


Definition 2.1. A subset A of a topological space (X,7T), is called pre open [11], if 
A C int(cl(A)). The complement of pre open set is said to be pre closed set . The family 
of all pre open sets (respectively pre closed sets) of (X,T) is denoted by PO(X,7T) [respectively 
PCL(X,7T)]. 

Definition 2.2. A subset A of a topological space (X,T), is called pre generalized b- 
closed set [12] (briefly pgb-closed set) if bcl(A) CU whenever ACU and U is pre open in X. 
The complement of pgb-closed set is called pgb-open. The family of all pgb-open [respectively 
pgb-closed] sets of (X,T) is denoted by pgb — O(X,7) [respectively pgb — CL(X,T)]. 

Definition 2.3. A subset A of a topological space (X,T) is called b-open set [1] if 
A C cl(int(A)) Uint(cl(A)). The complement of b-open set is b-closed sets. The family of all 
b-open sets (respectively b-closed sets) of (X,T) is denoted by bO(X,T) (respectively bCL(X,7T)) 

Definition 2.4. The pgb-closure of a set A, denoted by pgb—Cl(A) [13] is the intersection 
of all pgb-closed sets containing A. 

Definition 2.5. The pgb-interior of a set A, denoted by pgb — int(A) [13] is the union 
of all pgb-open sets containing A. 


83. pgb-Connectedness 


In this section, we introduce pre generalized b - connected space and investigate some of 
their properties. 

Definition 3.1. A topological space X is said to be pgb-connected if X cannot be expressed 
as a disjoint of two non - empty pgb-open sets in X. A subset of X is pgb-connected if it is 
pgb-connected as a subspace. 

Example 3.2. Let X = {a,b,c} and let rT = {X,, {a}}. It is pgb-connected. 

Theorem 3.3. For a topological space X, the following are equivalent. 

(i) X is pgb-connected. 
(it) X and — are the only subsets of X which are both pgb-open and pgb-closed. 
(itt) Each pgb-continuous map of X into a discrete space Y with at least two points is constant 


map. 


Proof. (i) = (ii) : Suppose X is pgb - connected. Let S be a proper subset which is both 
pgb - open and pgb - closed in X. Its complement X — S is also pgb - open and pgb - closed. 
X = SU(X —S), a disjoint union of two non empty pgb - open sets which is contradicts (i). 
Therefore S = y or X. 

(ii) > (i) : Suppose that X = AUB where A and B are disjoint non empty pgb - open subsets 
of X. Then A is both pgb - open and pgb - closed. By assumption A = y or X. Therefore X 
is pgb - connected. 

(ii) => (iii) : Let f : X > Y be a pgb - continuous map. X is covered by pgb - open and pgb 
- closed covering {f~'(y) : y € Y}. By assumption f~'(y) = y or X for each y € Y . If 
f-l(y) = ¢ for all y € (Y) , then f fails to be a map. Then there exists only one point y € Y 
such that f~!(y) 4 y and hence f~!(y) = X. This shows that f is a constant map. 
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(iii) = (ii) : Let S be both pgb - open and pgb - closed in X. Suppose S 4 y. Let f: X > Y 
be a pgb - continuous function defined by f(S) = {y} and f(X — S) = {w} for some distinct 
points y and w in Y. By (iii) f is a constant function. Therefore S = X. 














Theorem 3.4. Every pgb - connected space is connected. 


Proof. Let X be pgb - connected. Suppose X is not connected. Then there exists a proper non 
empty subset B of X which is both open and closed in X. Since every closed set is pgb - closed, 
B is a proper non empty subset of X which is both pgb - open and pgb - closed in X. Using by 











Theorem 3.3, X is not pgb - connected. This proves the theorem. 





The converse of the above theorem need not be true as shown in the following example. 
Example 3.5. Let X = {a,b,c} and let rT = {X, y, {a}, {c}, {a,c}}. X is connected but 

not pgb - connected. Since {a}, {b,c} are disjoint pgb - open sets and X = {a} U {b,c}. 
Theorem 3.6. If f:X — Y is apgb - continuous onto and X is pgb - connected, then 


Y is connected. 


Proof. Suppose that Y is not connected. Let Y = AU B where A and B are disjoint non - 
empty open set in Y. Since f is pgb - continuous and onto, X = f~1(A)Uf~1!(B) where f~+(A) 
and f~1(B) are disjoint non - empty pgb - open sets in X. This contradicts the fact that X is 











pgb - connected. Hence Y is connected. 





Theorem 3.7. If f:X — Y is apgb - irresolut and X is pgb - connected, then Y is pgb 


- connected. 


Proof. Suppose that Y is not pgb connected. Let Y = AU B where A and B are disjoint non 
- empty pgb open set in Y. Since f is pgb - irresolut and onto, X = f~1(A) U f~1(B) where 
f-\(A) and f~!(B) are disjoint non - empty pgb - open sets in X. This contradicts the fact 














that X is pgb - connected. Hence Y is pgb - connected. 


Definition 3.8. A topological space X is said to be Tyg» - space if every pgb - closed set 
of X is closed subset of X. 

Definition 3.9. Suppose that X is Tyg) - space then X is connected if and only if it is 
pgb - connected. 


Proof. Suppose that X is connected. Then X cannot be expressed as disjoint union of two non 
- empty proper subsets of X. Suppose X is not a pgb - connected space. Let A and B be any 
two pgb - open subsets of X such that X = AUB, where ANB=yand AC X,BC X. Since 
X is Tpgp - space and A, B are pgb - open. A, B are open subsets of X, which contradicts that 
X is connected. Therefore X is pgb - connected. 











Conversely, every open set is pgb - open. Therefore every pgb - connected space is connected. 





Theorem 3.10. If the pgb - open sets C and D form a separation of X and if Y is pgb 


- connected subspace of X, then Y lies entirely within C or D. 
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Proof. Since C' and D are both pgb - open in X, the sets CN Y and DM Y are pgb - open in 
Y. These two sets are disjoint and their union is Y. If they were both non - empty, they would 
constitute a separation of Y. Therefore, one of them is empty. Hence Y must lie entirely C' or 
Dz 














Theorem 3.11. Let A be a pgb - connected subspace of X. If AC BC pgb—cl(A) then 


B is also pgb - connected. 


Proof. Let A be pgb - connected and let A Cc B C pgb — cl(A). Suppose that B = C cupD is 
a separation of B by pgb - open sets. By using Theorem 3.10, A must lie entirely in C or D. 
Suppose that A C C, then pgb — cl(A) C pgb— cl(B). Since pgb — cl(C) and D are disjoint, 
B cannot intersect D. This contradicts the fact that C' is non empty subset of B. So D = ~ 











which implies B is pgb - connected. 





Theorem 3.12. A contra pgb - continuous image of an pgb - connected space is connect- 
ed. 


Proof. Let f : X — Y is a contra pgb - continuous function from pgb - connected space X on 
to a space Y. Assume that Y is disconnected. Then Y = AUB, where A and B are non empty 
clopen sets in Y with ANB = yg. Since f is contra pgb - continous, we have f~'(A) and f~!(B) 
are non empty pgb - open sets in X with f~1(A)U f-!(B) = f-1\(AUB) = f-l(Y) =X and 
f(A) a f-\(B) = f-l(AN B) = f-'(v) = ¢. This shows that X is not pgb - connected, 
which is a contradiction. This proves the theorem. 














84. pgb - Compactness 


Definition 4.1. A collection {Aa :Qa@Ee A} of pgb -open sets in a topological space X is 
called a pgb - open cover of a subset B of X if BCU {Ac :ae A} holds. 

Definition 4.2. A topological space X is pgb - compact if every pgb - open cover of X 
has a finite sub - cover. 

Definition 4.3. A subset B of a topological space X is said to be pgb - compact relative to 
X, if for every collection {Ag [ME A} of pgb - open subsets of X such that B CU {Ag [ME A} 
there exists a finite subset Ag of A such that BCU {Ao :ae Ao}. 

Definition 4.4. A subset B of a topological space X is said to be pgb - compact if B is 
pgb - compact as a subspace of X. 

Theorem 4.5. Every pgb - closed subset of pgb - compact space is pgb - compact relative 
to X. 


Proof. Let A be pgb - closed subset of a pgb - compact space X. Then A® is pgb - open in X. 
Let M = {Ga aE A} be a cover of A by pgb - open sets in X. Then M* = MUA% isa 
pgb - open cover of X. Since X is pgb - compact, M* is reducible to a finite sub cover of X, 
say X = Go, U Gag U Ga3 U... U Gam U AS, Gar € M. But A and A® are disjoint. Hence 
AC Gai U Gaz U Gag U...U Gam Gaz € M, this implies that any pgb open cover M of A 
contains a finite sub - cover. Therefore A is gb - compact relative to X. That is, every pgb - 











closed subset of a pgb - compact space X is pgb - compact. 
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Definition 4.6. A function f : X > Y is said to be pgb - continuous if f~'(V) is pgb - 
closed in X for every closed set V of Y. 


Theorem 4.7. A pgb - continuous image of a pgb - compact space is compact. 


Proof. Let f : X — Y be a pgb - continuous map from a pgb - compact space X onto a 
topological space Y. Let {Aa [Qe A} be an open cover of Y. Then { f-1 (Aj) :4€ A} is a 
pgb - open cover of X. Since X is pgb - compact, it has a finite sub - cover say {f~1(Aj), f~1 : 
i € A(Ag),...,f7"(An)}. Since f is onto {A1,A2,...,An} is a cover of Y, which is finite. 
Therefore Y is compact. 














Definition 4.8. A function f : X > Y is said to be pgb - irresolute if f—'(V) is pgb - 
closed in X for every pgb - closed set V of Y. 

Theorem 4.9. If a map f : X — Y is pgb - irresolute and a subset B of X is pgb - 
compact relative to X, then the image f(B) is pgb - compact relative to Y. 


Proof. Let{ Aq : a € A} be any collection of pgb - open subsets of Y such that f(B) C U {Aa : 
aé€A}c. Then BC U{f7'(Aa): a € A}. Since by hypothesis B is pgb - compact relative 
to X, there exists a finite subset Ag € A such that B C U{f7'(Aa) : a € Ao}. Therefore we 
have f(B)U Cc {(Aa): a € Ao}, it shows that f(B) is pgb - compact relative to Y. 














Theorem 4.10. A space X is pgb - compact if and only if each family of pgb - closed 


subsets of X with the finite intersection property has a non - empty intersection. 


Proof. Given a collection A of subsets of X, let C = {X — A: A € A} be the collection of their 
complements. Then the following statements hold. 

(a) A is a collection of pgb - open sets if and only if C is a collection of pgb - closed sets. 

(b) The collection A covers X if and only if the intersection (),¢¢ C of all the elements of C' is 
empty. 

(c) The finite sub collection {A1, A2,... An} of A covers X if and only if the intersection of the 
corresponding elements C; = X — A; of C is empty.The statement (a) is trivial, while the (b) 
and (c) follow from De Morgan’s law. 

X — (Uses 4a) = Mae s(X — Aa). The proof of the theorem now proceeds in two steps, 
taking contra positive of the theorem and then the complement. 

The statement X is pgb - compact is equivalent to : Given any collection A of pgb - open 
subsets of X, if A covers X, then some finite sub collection of A covers X. This statement is 
equivalent to its contra positive, which is the following. 

Given any collection A of pgb - open sets, if no finite sub - collection of A of covers X, then 
A does not cover X. Let C be as earlier, the collection equivalent to the following: 

Given any collection C' of pgb - closed sets, if every finite intersection of elements of C is 
not - empty, then the intersection of all the elements of C’ is non - empty. This is just the 











condition of our theorem. 





Definition 4.11. A space X is said to be pgb - Lindelof space if every cover of X by pgb 


- open sets contains a countable sub cover. 
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Theorem 4.12. Let f : X — Y be a pgb - continuous surjection and X_ be 
pgb - Lindelof, then Y is Lindelof Space. 


Proof. Let f : X — Y be a pgb - continuous surjection and X be pgb - Lindelof. Let {V.} 
be an open cover for Y. Then {f~!(V,)} is a cover of X by pgb - open sets. Since X is pgb 
- Lindelof, {f~1(Vq)} contains a countable sub cover, namely {f~!(Van)}. Then {Van} is a 
countable subcover for Y. Thus Y is Lindelof space. 














Theorem 4.13. Let f:X — Y be apgb - irresolute surjection and X be pgb - Lindelof, 
then Y is pgb - Lindelof Space. 


Proof. Let f : X — Y bea pgb - irresolute surjection and X be pgb - Lindelof. Let {V.} be an 
open cover for Y. Then {f~!(V,)} is a cover of X by pgb - open sets. Since X is pgb - Lindelof, 
{f—1(V,)} contains a countable sub cover, namely {f~'(Van)}. Then {Van} is a countable 
subcover for Y. Thus Y is pgb - Lindelof space. 














Theorem 4.14. Jf f: X — Y is a pgb - open function and Y is pgb -Lindelof space, 
then X is Lindelof space. 


Proof. Let {Vy} be an open cover for X. Then {f(V.)} is a cover of Y by 
pgb - open sets. Since Y is pgb Lindelof, {f(V.)} contains a countable sub cover, namely 
{f(Von)}. Then {Van} is a countable sub cover for X. Thus X is Lindelof space. 
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Abstract In this paper, we state integral representation of the partial sum Ly (#,a) = 


>> (n+a)" of the Hurwitz Zeta function ¢(—u,a) and proof. Use the partial sum formula 
O<u<a@ 
of integral representation to get three results, improve and generalize results of Srivastava 


and Choi on the asymptotic formula for the sum of the v—th derivative of @: S> py (k). 
k<a 


Second give an asymptotic expansion for ¢’”” (—m,a). Third give the formula of double gamma 
function of Barnes. 

Keywords Partial Summation, Integaral Repesentation, Hurwitz Zeta-function, 
logarithmic derivative. 
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§1.Introduction and Proposition 


In paper [1], many authors give many integral formulas of some Series by Zeta Partial 
Summation ion, In paper [2], Professor S-Kanemitsu exhibit the importance and usefulness of 


the Partial Summation formula by applying it to the sum. 


Ly (@,a) = S- (n+a)" 


O<u<a 


In a Similar setting which appeared in the pursuit of the divisor problem [2] . In pa- 
per [3], professor Li give the formula #1, (x,a) and many beautiful formulas. In book [6] 


we gave the formula Seve (z,a). In this paper, we state integral representation of the par- 
tial sum Ly, (z,a) = S> (n+a)“of the Hurwitz Zeta function ¢(—u,a), by use L,, (#,a) = 
O<u<a 
S> (n+a)", we give three importent results. 
O<u<a 


We use the following notation. 
Notation s = 0 + it — the complex variable. 
['(s) = hee e‘t®—'dt -the gamma function (o > 0), 
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p(s) = v (s) = (logT (s))'— the digamma function, 
Both of which are meromorphically continued to the whole complex plane with simple poles 


at non-positive integers; 


¢(s,a) = s waar Hurwitz Zeta function, o > 1, a > 0 the power taking the principal 
value. ia 

¢(s) = ¢(s,1) -the Riemann Zeta function, both of which are continued meromorphically 
over the complex plane with a simple pole at s=1. 

Bo (a) the generalized Bernoulli polynomial of degree r in x, defined through the gener- 


ating function 


a +00 
(=) ey Be) (x) z”  (|z| < 27) satisfying the addition formula 
r=0 


+o0o 


p 
Be @ty= D7 |B) By, (y) (1) 
r=0 


({3], Formula (24),p.61) with the properties BO = BY (0) , B® (x) = B, (x), BY = B,, 
where B, (x) and B, = B, (0) are the r— th Bernoulli polynomial and the r— th Bernonlli 
number defined by (1) with a = 1. 

B, (a) = B, ({x}) the r—th periodic Bernonulli polynomial. 


Propsitionl. Let L,(z,a)= >> (n+a)". 
O<u<a 
Then, for any / € N with 1 > Reu+1,Rea > 0 we have 














ene u—l 
zi mats | B, (t) (t+ a)” “dt (2) 
1 utl | 
Sagetattccua), ux 
log (x +a)—v(a), u=-1 


Also the asymptotic formula 





Lelt,ay= S- “ - B, («) (e + a)"-"*? 4.0 (eRe) 


utl 
- yet t +¢(-u,a), uf#-—l (3) 


log (a + a) — w(a), u=-l 





hods true as  — +oo0. On the other hand, formula (2) with x = 0 yields the integral 


representation 
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¢ (—u, a) = a" ahr Ba 
ut+l1 ie ee 
r=1 
i417 U Popes 1 
ae | Bi (t) (t-+a)" tat (4) 
0 


Which is true for all u ¢ 1,and J can be any natural number satisfying 1 > Reu+ 1; the 
integral being absolutely convergent in the region Reu < / — 1, where it is analytic except at 
u=-l. 


Corollary 1. For any / € N with! < Reu+1, a> 0 we have 





ae dies 
Tae (a, a) = (n+ a) log (a + a) 
O<n<ga 
l r 
= S- = By, (x) (a@+ arn ee {Uf (u,r) + log (x +.a)]° 


Tv 2f' (u,r) loga+ 3f (u,r) vi (ur) +f" (u,r)} 


-1) U +OO 4 . 
a an “ : Bi (t) (a +a)" {Uf (u, 1) + log (a + a)]*® + 3f (u,1) f’ (ul) 


+ f' (u,l)log (x +a) + f” (u,l)} dt 




















@rayrt «3 Ca) eee eat 6(@ +.a)“t* 
rae log’ (a + a) wat? log* (a +a) 4 (ute log (a + a) 
+ 6(e +a)"*? m 
¢" (-u, a) ufl 
(u+1)* 
qloa! (w +a) +5 (a) ual 


(2)flur)=butl)—Y(u+2—-r) ful) =o(utl—p(uti—J), 





3 (a) = : log? a tet [- EG (log? (t + a) — 3log* (t + a)) dt 
2a 4 0 (t+ a)” 


For proof of propsitionl and corollaryl, we give some lemmas 


Lemma 1"), Suppose that f is of the Class C’ in the closed interval [a,b] (a < b).then 





b l ery = — 
Y sm=f rHa+y SP Bort o-RoOr@) 
axndb a r=1 : 
141 
2 / "Bi (t) fat (6) 
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Lemma 2!5!, For any complex u and a > 0 





lu (2,a) = ye (n+ a)" log? ae 
O<n<ga 
ci 
: 2 P cen m B, (a) («@+a)""*" 


{fb (w+ 1) —b(w+2—-1 + log (e+ a))? 
+’ (u+1)-—y' (u+2-D} 


=)! UW +00 is 
=) oa [Roe 


{ib (u t1)—(u+1—1) + log (z+a)]’ 


+ (u+t1)—y' (u+1—I1)}dt 
ae 





+. 








yore 


(x +a 2(a+a 














2 | 2 | 
ae log* (a + a) (ut 1? log* (a + a) 
Bessa) 
+4 4 al -] (7) 
(ati ¢" (—u, a) uF 
1 
zlog’ («+ a) + (a) ae 
Now we prove the propsition1 
Since the r—th derivative of f (t) = (t +a)" is 
Vid — U bs ! eni2 U—-T = r (u an 1) U—-T 
r= ("| @-me+ay = 5 OEY +a) (8) 


We derive from (6) that 


te aCe coe ae 


l 
Bi (t) (t +a)" ‘dt- > 


T(u+2-r) 1! 











I e oo 
5 ee ete aera 








pretest uo T(u+l1-0) J, 
1 1 
(Coe) eee el a ame ee 
tav+2utl u+i1 (9) 
log (a + a) — loga, u=-1 


For any natural number | > R(u) + 1. 

Now we note that the last integral is in (9) clearly O ee) by the mean value theorem 
for partial integration. Thus, taking the limit as x — +co the case when R(u) < —l, we 
conclude that the constant term on the right-hand side of (9) must coincide with the left-hand 
side. 
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Jim Ly (x, a) z= ¢(-u, a) 
That is, (4) follows. 


Then, by analytic continuation; (4) can be show n to hold true for all wu € C\ {—1}. 
At the same time, this gives a generic definition of ¢ (—u, a); 





00 util (ut+l—r) r! 


N r 
(usa) = Jim (Soma yy tay" So ee) Morea) 
a=0 r=1 
Where | € N satisfies | > R(u) + 1. 


On the other hand, for u = —1. Formula (9) implies that the constant term is 


l 
| 1 B, —T | ~° —l-i 
loga 4 ae ) ae i Bi(t)(t +a) dt 


r=2 





Which must be equal to 


N 
gin, (Soe+art toecaeen), 


n=0 

Which we denote by y(a) = yo(a). 

Upon replacing the constant term by ¢(—u,a) in ( 9) gives (2), which then entails (3) 
on replacing the integral by the above estimate O (gevyn This completes the proof of 
Propsition1. 

Now we give the proof Corollary 1. 

From lemma?2 (7) 

When u 4 —1. Let 








(-1)' T(u+1) 
noe ee 


+00 
fo Bera" {Wou+1-ou+2-) +log(e +a? + ut 1)-v u41-D} ae 


Mo2(u) = 








u+tl1 uti ee 
Ma(u) = 249 fog (e+ a)}? — 249 tog (ot ay}? + et) 
(u+1) 








ut+tl1 
So fy Lu(x,a) = My(u) + Mo(u) + Ms(u). 
We give derivation 
ae 


qs Lt (#, 4) = My (u) + M3 (u) + M3(u) 
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When u 4 —1. 
mat te ~ ee {w(u+1)—v(u+2-r)} 
a att) ae {out —o(u+1—D} 





Let f (ur) =v(u+1)-—v(ut+2—-7r),f (ul) =v(ut+1)-v(ut1-)) 


I 
Miu) =) P(e) (ebay 








l r 
=a (-1) B, (x) («+ gr ee {Uf (u,r) + log (a +.a)]? + 2f" (u,r) loga 


as 


(24) ed) 
i Mayet h 


+00 
i Bi (t) (+a) {(F (u,l) + log (a +.a))? + 3f (u,l) f! (u,l) + f" (u,2) log (a + a) + f” (wu) ae 


M'3(u) => 











: sages 3(@4a)""" 6(@ +a)"*" 
M'3(u) = EF al og! (x +a) — “eel (cx +a)+ Sees log (a + a) 
utl 
a as ( u, a) 


We now complete the proof Corollary 1. 


§2. Application of Proposition 1 


In [3 p.13-24], many professors gave special values of 7(z) and the polygammma 7)” (z), 
the formula (66) of [3 p.24] gave $> w’(z), in this paper, by proposition 1, we give > w))(k). 
k=1 k<a2 
Theorem1. For n €N, v, 2 € R, we have 





oe Ta (uv) 4 : (Fite + 5) x’, v#0,1 
DY (k) = (-1)Pul y wloga — x — ¢(0) - (Bite a 5) logz, v=0 


k<a 





— 1 
logx—y—-14 (Bite) +5) gus 1 
l 


4 (yet 2 +r— 2)! S- Jue ee ) B®) ({x} + Lene “ay O(aRe(-¥)-!), (11) 





Where we recall from notion, the definition of Be) (x): 


B®) (a +1) = 3 @ Bre (1) Bs 


k=0 
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For prove theorem 1, we give lemma3. 


Lamma 3". we have 








= ea i ie Spf PA = a 
By(x) + 5 } Br(x) = Cp) Br—ryi1Be(@) + Bryi(a) (12) 
2 r+1 rh k 
Now we prove theorem1. 
In formula (54 ) of [3 p.22] 
© (2 +m) — py (z) = (-1)”e! : + (13) 
(2+k—1)° 
whence that 
k-1 4 
doo (&) = (- Pol SS port + ¥ (1). (14) 
k<a n=1 


summing (14) over k < x, we obtain 


Py vO (k yu! De pe neti an) + (1) [2] 





k<ax k<a \n=1 
Vv i! v 
= (-1) vu! S- nett S- 1- Begs (x) a p (1)[z] 
VUKxL nik<ca 


After changing the order of summation. Since. S> 1 = [a] n+ 1.,we see that the firist 
nik<cu 
term reduces to (—1)”v! ([a]L_y_1 (a) — L_, (x)), Taking into account that [3 p.22] 


y’(l) = (-1)’ulé (v +1), vu #0 
-7, v=0 
We can get 
SOGOU amare (15) 
hee y(z], v=0 


Use [a] = x — (B(x) + 3), we apply (8) to obtain 





I y" ayy 
S- Ww) (k PD as i ) B, (a) gett 


k<ax 
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1 

gi" +61 +u)a+ go Py ace 0, 1 
—vU vu—1 
+ (=1)%0! x (logz+y)—x—C¢(0), v=0 


a(-a7'+¢(2)-logr—y), v=1 


) 
+ (—1)*t*o! (Bus ) 








(Bue) +5 (loga+y), v=0 
— 1 
C1 + v)a iz) +5), v# 
a L+v)e+ @ + 5) 0 
ya + (Bute) ae 5) y, v=0 
+0 (0s) (16) 


Where the first and the second terms combine to yield 


l ad eae 
“esr EE (7a 


r—2 


While the third term may be written as 


LA fae S = = 
(—1)’v! S- se ( ‘sD (B, (x) + 5) By-4 (x) gerd 


Hence we transform (16) into 








S > y™ (k) = (-1)?t ul ¢ -alog2 + + ¢(0) 4 (Bite) +5) logr, v =0 


a 1 
+logzr+y+1-—- (Bie) +5)or. v=1 


+ (-1)"Ho! a & - ) (+B. (x) — — ; (zB. (x) + 5) Bus 2) grert 














al r—2 
+0 Cam 
1 vt+1,) (-1)" Sued B B —vu-r 
ae > P /hpod ( 1@)+3) aye 
i 1l-v 1 —v+1 
x +¢(1+v)a4 iv ,v#0,1 
-v v-1 





(-27'+¢(2) -logr-7y), v=1 
(Bux) +5) ( ~+6(1 | »), a 


(Bute) 7" 5) (logz +7), v=0 
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= 1 
C1 +v)at+ | Bi(a) + a}? v #0 
—(-1)’v! j 
ya + (Bux) + 5) y,U= 
+0 (ghee) (17) 


Applying Lemma 3, we may transform the penultimate term further. Since the third factor 


of x ¥-Tt! is 


1 - r-1 a 
Sree (Be +> (-1) 


k=0 


5 


k=0 


By (1) BCT® (2+ y) = 


we conclude that the penultimate term in (17) is 


a 1 2 x go uattl 
(25) ataai +n 


Substiting this in (3 #) completes the proof. 


1)’v! 3 = 


§3. Application of Corollary 1 


r a 1 "fr 
(,) 80) =e; 


(") Be(x)B®_,(y), equal to — +> B? ({e} +1), 


By—r(1)Bx (2), 


In [2}.[6].[7]and [8] gave many fomulas related hurwitz zeta function and ¢’ (—m, a),¢” (—m, a), 


we use this formulas give ¢’” (—m, a). 


Theorem 2. For me NU {0}, Rea > 0 andm+2<l1eEN. We have 

















loga 





Ca (—m a) 
mt+1 3 m+1 2 m+1 6qt1 
= —a°log’a4 log” a log*a log a 
+1 (m+1)? (m+1)° (m :: diye 
l r r-1 r—-1 
(—1) m! ea 1 
m—-Pr eG ] 2 
+2 r! (m+1—r)!” oo yee », 
r—1 r-1 r—-1 


35> ! 


fai bse) (m+ko—r+1)(m+k,—r +1) ak 


(-1)' m! mh 1 
iat ae Paes, donee 
» z loga + s: d 5 dt 
(m+k—1) 


=k a ee 





k 
(m+k—r-+1) 


1 
ie 
k 


ets 


L 
+ 














In for proof of theorem 2 we give lemma 4. 


(m+k—r+1) 


1 





(m+ kg 





r4 r+1) 


1)(m+ky 
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Lemmad4. For m € NU {0}, Rea > 0 and m+2<16EN. We have 


























1 1 1 1 
¢/ (—m, a) = a one loga cm _o 50” loga+ ae loga 
r+1 r—2 
B, ; m 1 m 
sh S- (-1)? an loge fa™- 
roa" \G=0 j ae rd 
1 I r-1 ; pea) 1 
+—— Y> B, (-1) -|amrtt 
ical are j=0 J eu 
fag ft 1 Sn eh Doe. pot ae 
+(-1) | So (-1) _*_B(t)(t+a)"™"!| at (18) 
0 j=0 J ig 
Now we give proof of theorem 2. 
From [3] 
1 
bt+)-vl@)= > (#0) (19) 
We any easily deduce that 
- 1 
POO Et YO) A) re (20) 
d (z+k-1)"** 
So 
r-1 1 
fur) =b(ut1)- (ut 2-7) gree roar 
r-1 1 
fu)=vutl)-ptutl Ve Sess = 
r-1 
1 
‘(u,r) = 
Par)  (utk—-r+) 
r-1 1 
“(u,l) = 
f (u,1) > GakaD 
poy fut) =25° 
—(utkortl1y  utk—l? 
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Let « =0, B, (x)= B,,u#-1 


S- (n + a)" log (a + a) = a“log?a 








r r-1 3 r-1 
-1 Tr 1 1 ] 
: ( ) B,. (ut+ ) quart : wos os P¥EW- +loga 25 Og a 5 
r! T(u+2-r) utk—-r+l  (utk—-rt+l) 


r= k=1 





r—1 r-1 r—-1 
1 
—3 
PED ayreerany ces reel a rot er } 


l l l 
Cy 0 ee ce 1 1 
+ a” By (t ——+loga] -3 
i! T(ut+i1-l) 0 ©) aires : eee (u+ ko —1)(ut+k, —1)? 


ky=1ko= 1 ( 








l 


I 
log a 
+e dt 
reer erred 









































ka ( 
utl utl utl utl 
ae log*a i — + os 5 loga oe 7 — 6" (-u, a) 
ut+l (u+1) (u+1) (u + 1) 
When u > m 
Tiutl) | m! Gee) « “tal 
T(ut+2—r) (m+1—r)! T(uti-l) (m-D)! 
Then 
ci" (-m,a) 
mt+1 38qmtt 6qt1 6qt1 
= —a°log’a4 log’a slog?a 3 loga 7 
(m +1) (m+ 1) (m ies 
I r r—1 r—1 
(=f) m!) an 1 loga 
+ B, Gees ——_—__—_. + loga 2 
d ri" (m+1—r)! Bere ee .  (m+k—r+1)* 
r—1 r-1 rat 
1 1 
-3 >? 


L242) (mth -rt+)(m+h—r4l)P  (mt+k-r41) 


T U 








1 
» t1)(m+ky —r +1)? 


kon (M+ ke rc ; 


_1)! m! ; +oo 1 3 i 
io ute) By (t) eae) ay 


k=1 


u l 
1 
dt 
= (m+k=1)° bat m+k—l) ) 


We now complete the proof of theorem 2. 
In [3, p.94-96] some proofers gave some formulas of double Gamma function, in this term 








k 


we give noe formula theorem 3. 
Theorem3. With ['2(a)(= G(a)~+) denoting the double gamma (or the G—) function of 


Barnes, we have for a,b > 0 


a B,(t) log dt = — log na + (1 — a) logI'(a) + (6 — 1) logT'(b) 


2 _ 72 Bee yey h =, 
(a? log a — b? log b) 1 (4 b*) 5 (aloga blog b) 











+ 


Nle 
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Proof of theorem: in [9 (1.3)] for Reu < 0, u # —1, we have 





1 1 1 
a ; = utl ig m+1 Uo 
¢" (—u, a) ey ga aie’ 50 loga 
-[ (1 + wlog(t + a))B, (t)(t + a)“ 'dt (21) 
0 


By Abels continuity theorem for infinite integrals, take the limit as u — 1 of the difference 
¢'(—u, a) — ¢’(—u, b), we can get 





1 1 
¢/(-1, a) — ¢'( 1,b) = 5 (a loga — b* logb) — 7 (a’ — 6°) 
tt+a 
t+b 








1 OO es 
5 (alog a — blog b) — h By (t) log dt (22) 
0 


formula (33) Of [10 p.94] 


T2(a) = Ara * exp -3 +¢/(-1, a) (a > 0) 


A is indicates the Glaisher-Kinkelin constant [3 p94] formula [38] 
Form (3.2)we get 


¢'(-1,a) - 5 = T2(a) log A + (a — 1) log (a) 


So 





¢'(-1,a) — ¢'(-1,b) = log + (a—1)logI'(a) — (6— 1) log I(6) (23) 


From (22) and (23), we can get Theorem 3. 
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Abstract The present paper deals with the space xy of Dirichlet series in two variables s1, s2 


analytic in the half plane. It is shown that . becomes a Frechet space. We have characterized 


the form of continuous linear functionals and continuous linear operator. Further conditions 


§1. 


be a Dirichlet series of two complex variables s; and sg where @,,,,’s € C and sequence of 


have been proved in which a base becomes a proper base for x. 


Keywords Dirichlet series, Banach algebra. 
2010 Mathematics Subject Classification 30B50, 30D10. 


Introduction and preliminaries 


Let 
f(s1, 82) = S- Ginn COmSItHn 82) (s; = 0; +itj;, j = 1,2) 


mn=l1 


exponents \m’s, [in’s € R satisfy 


O0< Ay < Ag <<... <Am A OAS M— CO 


and O< py <po<...< pn FA wasn>ow. 





along with 
l 
antag 
m,n—-oo Am + Ln 
and 
: log* |am,n| + AmAi + bn Ag 
lim sup = 0 


where A; > 0, Az > 0 denote maximal abscissa of convergence. Here we take log* x = 0 if 


x < land logt « = log if « > 1. The series (1) converges in the domain 


d= {(o1 + iti , 72 + ite) EC? : a, < Aj, 02 < Ag, -—0o < t1, to < co}. 
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If D, and Dz are two positive numbers such that 


min 
108 |am.n| — —D, asm — ov. (4) 
Am + Ln 
and , 
108 lam nl —+ —Dzasn— oo. (5) 
Am + En 
Then take D = min(D}, D2) 
lim sup elem =-D (6) 


Suppose the series given by (1) converges absolutely in the left half plane 01,02 < D then the 

series is called Dirichlet series analytic in half plane. Observe that yp includes all functions f 

represented by (1) satisfying (2), (3), and (6). In the given paper we will write y instead of yp. 
If 


f (s1, 82) a5 Omn er msi+Hns2) 


mn=1 


and = g(s1, 82) a5 bmn erm m$1+Hns2) 


mn=1 


then the binary operations in y are defined as follows 


f(si, $2) + g(s1, $2) — ys (Qm.n 4 bak) e(Amsit+Hns2) 
mn=1 
eg (sv $2) = S (€.dmn) e(AmsitHns2) 
m,n=1 


It is also clear that y defines a linear space over C. 
The norm in y is defined as 
co 


fll = S- |am,n| e(71Am + 02Hn) for every 01,02 < D. (7) 


m,n=1 


Let x be the topology generated by the family of norms {\||f|] ; 01,02 < D}. Then from [1] 
x is complete, metrizable and locally convex and this topology is equivalent to the topology 


generated by invariant metric e, where 


Co 


= 1 |lf—g;o1.n, 02,4]| 
EE » 2 1+||f -—9501,6, 02,4ll (8) 





where 


0<aj1 < O52 <...< oj 7 7 D; ask oo, j = 1,2. 


It can be easily verified that the topology induced by e on x is the same as induced by the 
sequence {||...,0;,4||,7 =1,2; & =1,2...}. 
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Daoud in his papers [1] worked on entire Dirichlet series of two variables having finite order 
point. Kamthan in [3] considered different classes of entire functions represented by Dirichlet 
series in several variables and proved results on continuous linear functionals. 

In [2] bornological properties for the space of entire Dirichlet series in several complex 
variables have been discussed. So far many researchers have worked on Dirichlet series which 
can be seen in [4] - [5]. The aim of the present work is to project various new aspects for the 
Dirichlet series in two variables. 


§2. Definitions 


Following definitions are required to prove the main results. For the definitions of terms 
used refer [6] - [7]. 


A sequence {dm} C X will be linearly independent if ss A¢mn}4{m,n} = 0 implies 
m,n=1 
Afmn} = 0 for all m,n > 1, that is for all sequences {am,,} of complex numbers for which 


Ss Afm,n}4{m,n} converges in x. 
m,n=1 


The sequence {dm} C x spans a subspace xo of x, if yo consists of all linear combinations 
Co 


S- A{mn}4{m,n}, Such that ye A{mn}4{m,n} converges in x. 
mn=1 m,n=1 


A sequence {din} C x which is linearly independent and spans a closed subspace xo of x, will 
be a base in xo. If {emn} C x such that e€mn(s) = e67m +72") then clearly {em.n} is a base 
in x. 


A sequence {dm} C x will be a proper base if it is a base and it satisfies the condition 
Co 


that for all sequences {@m,n} of complex numbers S- Qmndmn converges in x if and only if 


m,n=1 
le) 


) Qm,n€m,n Converges in x. 
m,n=1 


§3. Main Results 


Theorem 2.1. With respect to the usual addition and multiplication defined x becomes 


a FK-space. 


Proof. In order to prove this theorem we need to show that x is complete under the norm 
defined in (7). Let {f,} be any cauchy sequence in . where 


oe) 

= AmSitins 

Fodisde) SY, ae elt hier) 
m,n=1 


Then for a given € > 0 we can find a constant M such that 
IIfp-fall<e V pq2M 
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that is 
Co 
ea a ee aH ee pg Me, 
mn=l1 


This shows that {a} forms a cauchy sequence for all values of m,n > 1. Hence 


lim a), = amn Vm,n> 1. 


poco IT: 
Letting gq > «~, 
CO 
Be len = Gian] Oe aH) ie pM: 
mn=l1 


Thus f, + f as p— ov. 
co 
Now we need to show that f = S- Qmnemn © X: 


m,n=1 


We can choose o; such that D < o; + €,7 = 1,2. Keeping p fixed we have 
[ay ee PP oS OM. 


Then 


lam,n| < ja), > Qm,n| + a’, | 


= lar ni < Ee (71Am + o24n) a e(—Pte)Am+in) 
Hence for all m,n > Mz = max(M, M1) we have 


log |am | ac 


lim sup D. 














Co 
Thus f = > Qmn€m,n € X and this completes the proof. 


mn=1 
Theorem 2.2. (i) A continuous linear functional w on y(01, 02) ts of the form 
co 


w(f) _ S dmn Amn 5 f = S- Amn Em,n if and only tla} 


m,n=1 m,n=1 
is bounded for allm,n > 1. 


(ii) A continuous linear functional W on x(01,02) is of the form 


Co Co : din 
W(f) = S- dmndmn,f = x Amnemn if and only aw} 


mn=1 m,n=1 
is bounded for some 01,02 < D. 


Proof. Let ~ be continuous linear functional on x(¢,,5,)- Then w(f) = a dmn@mnsf = 


mn=l1 


Co 
ye Amn Em.n Where dm = (m,n). Hence there exists a constant S such that 


m,n=1 


O(P)] S Silfl(or,02) for all f € x. 


35 


36 Niraj Kumar and Lakshika Chutani No. 1 





Take f = mn = e(71A" +724) € yx, this implies that 


[danza S S el7irm + 72Hn) for m, 71% > dha 


Conversely, let f be defined as before and consider W(f) = S- dmn Amn, Where 
mn=1 
lain f bite 
cay tee bounded and hence w(f) does exist. Since 
e(F1Am + F2hn 
| S- Amn dm, n| < S- lamn dmn| 
m,n=1 mn=l1 
<5 Sloman teat 
mn=l1 
<= +00. 


Thus w is a continuous linear functional on X(¢,,¢,)- This proves the first part of theorem and 











the proof of second part follows from the part (i). 





Theorem 2.3. A necessary and sufficient condition that there exists a continuous linear 


transformation :x > x with W(emn) = Amn, m,n = 1,2,... is that for each 01,02 < D 


] m,n 01,0: 
tom sup ral 


m,n — oo Am + Un 


< D. 


Proof. Let there exist a continuous linear transformation ~ from y into x with 
Wenn) = Ome 5 T= Wy dpee. 


Then for a given o; there exists a 0, such that (01,0, < D) and 0 corresponding to o2 such 
that (2,0) < D) 


|o(€m,n) Il (o1,02) < Pllem.nll(o! 04) 0p eter toate) 


This implies 
log ||b(€m,n)II(o1,02) < log P (a1»m ef J2[n) 
< + 
Am + Ln Am + Ln Am + Ln 


108 [lem nll es,02) 











lim su <o1, <D 
aa Am + Un =e 
a log [lamal 
og |la 
lim sup 6 Nom nll(or,02) < oo < D. 


m,n — co Am + Ln 


Conversely let the given condition hold. 


CO 
Let f = S- m,n €mn © X- Then there exists a € > 0 such that 


mn=1 





lo m,n\\(o1,0 
et tin. 2) < D-—e forall m > Mi(6),n > Ni(e) 
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lemalleresy, = e(P-)Am +Hn) for all m > My(e),n > Ni(e). 


Choose 6 > 0 such that 6 < ¢, then 
|amnl(orjo2) < ef PtIAm + Hm) for all m > Ma(5),n > No(6). 
Hence one gets 


|ainn|||Om,nll(or,02) < e@- 9m +) for all m > max{Mi(c), M2(6)} ,n > mazx{Ni(e), No(5)}. 


co 
Thus S- lam nlllomnll(o, og) 18 convergent as 01, 02 is arbitarily less than D. 


m,n=1 
co 


We find that S- Qmn Amn is convergent in x. Hence there exist a transformation ~ : 


m,n=1 


x > x such that w(f) = Gmn mn for each f € xy. Then w is linear and P(emn) = 
mn=1 
Qm,n for m,n = 1,2,... Now for given 01,02 < D there exists 6 > 0 such that 


log ||am nll (01,02) 


< D-6 forallm > M,n>N. 
Am + bn 





This implies 
lle nll@s63). = eC OF") forall m > Min = N 


Further we have 


l|&m,nll (1,02) < e(D-9)(Am + Hn) for all m,n = 1. 


Hence 


WAU S PS arn CP -Om +40) = Pl flips. 


mn=l1 














Thus w is continuous. 


§4. Proper Bases and their Characterizations 


To prove the main result on proper bases we first need to prove two lemmas. 


Lemma 2.4. Let {Amn} C x. Then the following three properties are equivalent 
log ||m,nl (01,02) 


A) lim sup < D for alloy,o2 < D. 
CoO 
(B) For all sequences {am} of complex numbers the convergence of io, Qm,n €mn implies 
mn=l1 
Co 
the convergence of S- Qm,n Amn MX. 
mn=1 
Co 
(C) For all sequences {am n} of complex numbers the convergence of a AQm.nemn implies 
mn=l1 


that {@mn Amn} tends to zero in x. 
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Proof. Let us assume (A) holds then from the above proof it is clear that there exists a contin- 
uous linear transformation a : x > x with ~(em.n) = Amn, m,n = 1,2,....By continuity of 


Y, 


w( be Amn €m,n) = w (i. S- S- aw, we sae 


m,n=1 wi=1 we=1 


ss aps > saab] 


wiy=1 w2=1 


lo) 
= S Amn Am,n+ 


m,n=1 


Hence (A) => (B). Clearly (B) => (C) from the proof of sufficiency part of theorem ??. We 
now need to prove (C) = (A). 
Assume that (C) is true and (A) is false. Then for some o,, 0) < D, 


log ||Qm,n|| Gg! 
lim sup Eee a) 


> D 
m,n — co Am + Ln 





Hence there exists a sequence {m,,} and {nx} of positive integers, such that 


log |lam,, »nig II of vol 1 1 
lim sup see aa) Sy for all ky , ko = 1,2,... 
ki,k2— 00 Amn, thnk, ky ko 





Define {Gm n} as 


e(P- (a +) ) Oma, +95) for key, ky = 142)... 
Amn = 


0 form 4 mz, , 2 # Nks 
So we have 


lQm, Nk jeb7>mey + o2bngz,) = eo (P- (A + +21) rma, (P-(GA t +22) Jong 
1Mk 


1 1 1 1 
There exists ky , kz large such that D— (= +— + a) > 0 and D— (= +—+ 2) > 0. 


ky ko ky ko 
Co 
This implies Origen e(7Amn, +7245) converges in y for all 01,02 < D. But 
ky Mky g xX 
ky ,kg=1 
lee toe erie Geo Webceasy. °S eo (D-( +)) Omay tH rey) o(D- (4 +) Oma, + Hey) 


Thus {@m,, ng, my, nx, } Goes not tend to zero in yx which is a contradiction. Hence (C) => 
(A). 














Lemma 2.4. The following three conditions are equivalent for any sequence 





{Qm,n} Cc Xx: 
(a) lim {tim in 8 llamnllior, 2 > D. 
01,02 ~D |m,n>oco i Len 
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Co 


(b) For all sequences {Amn} of complex numbers the convergence of S- Qmn Amn inx implies 
mn=1 
co 
the convergence of Ss Amn em,n in X. 
mn=1 


(c) For all sequences {am} of complezr numbers {Amn&mn} tends to zero in x implies the 
Co 
convergence of S- Amn emn MX. 
myn=1 


Proof. It is clear that (c) = (b). We shall prove that (b) > (a) and (a) => (c). 
Firstly we suppose that (b) holds and (a) does not hold. Therefore 


l M,NI1(01,0. 
lim {imin “A esatineat | se 1 


01,02 > D | mn->oco m + Ln 


Since |]...||(¢,,02) increases as (01,02) increases this implies for each (01,02) < D, 


1 m,n 01,0 
faming 128 @mnl(os.on 


m,n co Nm, + Ln 


< D for all (01,02) < D. 





If 7 and y be two positive number then there exists an increasing sequence {m,, }, {n,,} such 


that 
log |Om.., rg Il (o1,02) 


Am + Ln 





< D-n-yY¥ 


Then 
[eae | ome < elP—2-NOAmry + Hrryg). 


Let 6; < 7, 02 < ¥ then define {a,,,,} as 


—(D— 61 — $2)(Amp, + Unry 


e€ ) for ri, 72 = 1,2,... 


0 form 4 mp, ,n # Npy 


Then for every (01,02) < D, 


Co Co 


S- |am,n|[]m,nll(o1,02) > |@m,, rq |l]m,, mr ll (o1,02) 


mn=1 T1,7Tg=1 


I 





IA 


co 
y elP—1-WAmry + Marg) e~(D—b1- 82) Amr, + Envy) 


T1,r2=1 


a > elO1t2— (n+) Amr + Hing ) 


T1,Tg=1 


and the last series is convergent since 6; + 62 < 4+. Hence for the sequence {dm,n}, 
co 
S- AmnOm,n converges iN X(¢,,¢2) for each (01,02) < D thus converges in x. 
m,n=1 
But we have 


co co 
r 
5 |Qm,n| el7iAm +02Hn) s lors sng jel mry + O2Mng) 
mn=l1 r1,r2=1 
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co 
a y oe (P-81-82)Amr, + Hrrg) plotAmry + F2Hnry) 


rT1,T2=1 


Co 
= . e(a1td1—D+42)Am. e672 t62—-D+51) Minny : 


r1,r2=1 
Given 61,62 choose 01,02 < D such that (0; +6; + 62) > D and (o2+62+ 61) > D 


thus the last series is divergent for 71,02. Hence S- Qm.n€m,n does not converge in x which 
m,n=1 
contradicts (b). Hence (b) = (a). 


To prove (a) = (c) we assume that (a) is true but (c) is not true. Hence there exists a 
[oe) 


sequence {@m,n} of complex numbers for which @m,nQ@mjn tends to zero in y but oy Am nem.n 
m,n=1 
does not converge in y. This implies that 


log |Qm.n| 
lim su mi > -D+4+ 6, + bo. 
rele Am + Ln . : 





Hence for 61,62 > 0 there exists a sequence {mz x, } and {nx, } of integers such that 


—D+5,+62)(Am ‘i 
l@my meg | = e! Hones my TH ka) 
Now we choose a positive number 01, 02 such that. We can also find 0, = 01(7) and og = o2(y) 


such that 
lim inf 08 [lom.nll 


mn>oo Am + Un 


Hence there exists M = M(y) and N = N(n) such that 





= D-n-7. 


log lom,nll (o1, 
Am + Ln 





fa) 53 2n —2y for allm > M,n>N. 


Therefore 


—D+614+62)(Am i 
Mess hl ll reese orate litecann > a +514+62)Am,, +H ae es 


elb1— 20) Am, + ng, ) eta 2M Ama, + Hngs) 


D—2n—-27)(Am;,, i Brgy ) 


which tends to 00 as ky, k2 — oo, since 6; > 27 and dg > 274. 
This shows {@m,n Qm,n} does not tend to zero in x and this is a contradiction. Therefore 
we conclude that (a) = (c). 














The main result that follows from above lemma is stated as 
Theorem 2.6. A base in a closed subspace x, of x is proper if and only if condition (a) 
and (A) are satisfied. 
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81. Introduction 


In order to deal with uncertainties, the idea of fuzzy sets and fuzzy set operations was 
introduced by L. A. Zadeh in his classical paper [16] in the year 1965. This inspired mathe- 
maticians to fuzzify Mathematical Structures. The first notion of fuzzy topological space had 
been defined by C. L. Chang [3] in 1968. Since then much attention has been paid to general- 
ize the basic concepts of general topology in fuzzy setting and thus a modern theory of fuzzy 
topology has been developed. In 1989, A. Kandil [9] introduced the concept of fuzzy bitopo- 
logical space as an extension of fuzzy topological space and as a generalization of bitopological 
space. The concepts of Volterra spaces have been studied extensively in classical topology in 
[4], [5], [6], [7] and [8]. The concept of pairwise fuzzy Volterra spaces and pairwise fuzzy weakly 
Volterra spaces in fuzzy setting was introduced and studied by the authors in [14]. In this paper 
we study under what conditions a fuzzy bitopological space becomes a pairwise fuzzy Volterra 
space and pairwise fuzzy Baire space, pairwise fuzzy submaximal space, pairwise fuzzy P-space 


and pairwise fuzzy hyperconnected space are considered for this work. 


§2. Preliminaries 


Now we introduce some basic notions and results used in the sequel. In this work by (X, T) 
or simply by X, we will denote a fuzzy topological space due to Chang (1968). In this work by 
(X,71, T2) or simply by X, we will denote a fuzzy bitopological space due to A. Kandil. 

Definition 2.1. Let \ and py be any two fuzzy sets in a fuzzy topological space (X,T). 
Then we define : 


(i) AV w: X > [0,1] as follows : (A V )(x) = max {A(x), u(x) }. 


(ii) AA ww: X > [0,1] as follows : (AA ps) (x) = min {A(x), u(x) }. 
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(iii) wp = A° S p(x) = 1—- A(z). 


For a family {\;/i € I} of fuzzy sets in (X,T), the union w% = V;A; and intersection 
5 = A;A; are defined respectively as w(x) = sup;{ri(x), x € X} and d(x) = infi{rAi(x), x € X}. 

Definition 2.2.[1] Let (X,T) be a fuzzy topological space. For a fuzzy set \ of X, the 
interior and the closure of » are defined respectively as int(A) = V{u/u < A,u € T} and 
cl(A) = A{u/dA < wl —- we TH. 

Lemma 2.1.[1] Let \ be any fuzzy set in a fuzzy topological space (X,T). Then 1—cl(A) = 
int(1 — A) and 1 — int(A) = cl(1 — A). 

Definition 2.3.[2] Let (X,T) be a fuzzy topological space and X be a fuzzy set in X. 
Then X is called a fuzzy G5-set if AX = APL, A; for each A; € T. 

Definition 2.4.[2] Let (X,7) be a fuzzy topological space and A be a fuzzy set in X. 
Then 4 is called a fuzzy F,-set if \ = V2, A; for each 1— A; € T. 

Definition 2.5.[14] A fuzzy set » in a fuzzy bitopological space (X,T,,T2) is called a 
pairwise fuzzy open set if X © T;, (¢ = 1,2). The complement of a pairwise fuzzy open set in 
(X,71, Tz) is called a pairwise fuzzy closed set in (X,T\,T2). 

Definition 2.6.[14] A fuzzy set \ in a fuzzy bitopological space (X,T,,T2) is called a 
pairwise fuzzy Gs-set if X = AS2,2;, where (A;)’s are pairwise fuzzy open sets in (X, 71, T>). 








Definition 2.7.[14] A fuzzy set » in a fuzzy bitopological space (X,T;,T2) is called a 
pairwise fuzzy F,-set if X= V%,A;, where (A;)’s are pairwise fuzzy closed sets in (X, 71, T2). 

Definition 2.8.[10] A fuzzy set A in a fuzzy topological space (X,T) is called fuzzy dense 
if there exists no fuzzy closed set y in (X,T) such that A’ < <1. That is., cl(A) = 1. 

Definition 2.9.[11] A fuzzy set » in a fuzzy bitopological space (X,T,,T2) is called a 
pairwise fuzzy dense set if clp,clr,(A) = 1 = clp,clr, (A). 

Definition 2.10.[10] A fuzzy set A in a fuzzy topological space (X,T) is called fuzzy 
nowhere dense if there exists no non-zero fuzzy open set yz in (X,T) such that p < cl(A). That 
is., intcl(A) = 0. 

Definition 2.11.[12] A fuzzy set in a fuzzy bitopological space (X,71,T>) is called a 
pairwise fuzzy nowhere dense set if intr,clp,(A) = 0 = intr, clr, (A). 

Definition 2.12.[12] Let (X,7\,72) be a fuzzy bitopological space. A fuzzy set » in 
(X,T,,T2) is called a pairwise fuzzy first category set if X = VP, (Ax), where A,’s are pairwise 
fuzzy nowhere dense sets in (X,71,T>). A fuzzy set in (X,71,7>2) which is not pairwise fuzzy 
first category is said to be a pairwise fuzzy second category set in (X,T,,T>). 

Definition 2.13.[12] If \ is a pairwise fuzzy first category set in a fuzzy bitopological 
space (X, 71, 72), then the fuzzy set 1— 2 is called a pairwise fuzzy residual set in (X,T),T2). 


§3. Pairwise fuzzy Volterra spaces 


Definition 3.1.[14] A fuzzy bitopological space (X,7), 72) is said to be a pairwise fuzzy 
Volterra space if clr, ( We (x)) = 1, (i = 1,2), where (;)’s are pairwise fuzzy dense and 
pairwise fuzzy G5-sets in (X,7T),T2). 

Proposition 3.1. If is a pairwise fuzzy open set in a fuzzy bitopological space (X, T;, T>) 
such that clp,(A) = 1, (i = 1,2), then 1 — is a pairwise fuzzy nowhere dense set in (X,71, T2). 
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Proof. Let \ be a pairwise fuzzy open set in a fuzzy bitopological space (X, 71, T2) such that 
cp,(A) = 1, (¢ = 1,2). Then, we have intr, (A) = A, intr,(A) = A and clz,(A) = 1, (@ = 1, 2). 
Now inty,clp, (1 — A) = 1 - elz,intz, (A) = 1 — ely, (A) = 1-1 = 0. Also, intp,clp, (1 — A) = 
1 — elp,intr, (A) = 1- alp,(A) = 1-1 =0. Hence intr, cly,(1 — A) = 0 = intz,clr, (1 — A). 
Therefore 1 — is a pairwise fuzzy nowhere dense set in (X,7T;, 72). 

Theorem 3.1.[15] If A is a pairwise fuzzy Gs5-set such that clp,(A) = 1, (¢ = 1,2), in 
a fuzzy bitopological space (X,T,T2), then 1 — A is a pairwise fuzzy first category set in 
ere 

Definition 3.2.[12] A fuzzy bitopological space (X,T\, 72) is called a pairwise fuzzy Baire 
space if intr, (VZ21(An)) = 0, (¢ = 1,2), where (A;)’s are pairwise fuzzy nowhere dense sets in 
COT): 

Proposition 3.2. If the pairwise fuzzy first category sets are pairwise fuzzy closed sets 
in a pairwise fuzzy Baire space (X,7T\,7T2), then (X,7), 72) is a pairwise fuzzy Volterra space. 

Proof. Let Ax, (& = 1 to oo) be pairwise fuzzy G5-sets such that clr,(A,) = 1, (i = 1,2) 
in a pairwise fuzzy Baire space (X,71, 7»). Then, by theorem 3.1, (1 — Ax )’s are pairwise fuzzy 
first category sets in (X,7,,7>). Then, by hypothesis, (1 — ;,)’s are pairwise fuzzy closed sets 
in (X,7\,T2). Hence (A, )’s are pairwise fuzzy open sets in (X,71, 72). Now (Ax,)’s are pairwise 
fuzzy open sets in (X,71, 72) such that clrp,(A,) = 1, (¢ = 1,2). Hence, by proposition 3.1, 
(1—Ax)’s are pairwise fuzzy nowhere dense sets in (X, 71, T>). Since (X,7T),T2) is a fuzzy Baire 
bitopological space, intr, (es (1-Ax)) = 0. Then intr, (1-A%2108)) = 0. This implies that 


1—clr, (A, 0,)) = 0. Hence we have clr, (AR, 0,)) = 1. Now clr, (Az. 02) < clr, (AN 


(x)) implies that 1 < dlr, (Ry (Ax)). That is., clr, ( AN, (x)) = 1. Since cl7,(A,) = 1, 
(i = 1,2) clp,clp, (Ax) = clr, (1) = 1 and clp,clr, (Ax) = clr, (1) = 1. Hence (Ax)’s are pairwise 
fuzzy dense sets in (X,7T,,T2). Therefore, we have clr, ( ole (Ax)) = 1, (¢ = 1,2) where 
(Ax)’s are pairwise fuzzy dense and pairwise fuzzy G5-sets in (X, 71,72). Hence (X,T1,T2) isa 
pairwise fuzzy Volterra space. 

Proposition 3.3. If the pairwise fuzzy residual sets are pairwise fuzzy open sets in a 
pairwise fuzzy Baire space (X,7T1, 72), then (X,71, T2) is a pairwise fuzzy Volterra space. 

Proof. Let the pairwise fuzzy residual sets (\,)’s (k = 1 to co) be pairwise fuzzy open sets 
in a pairwise fuzzy Baire space (X,7,,7>). Then (1 — A;)’s are pairwise fuzzy first category 
sets in (X,T;,7T2) such that (1—A,)’s are pairwise fuzzy closed sets. Hence, by proposition 3.2, 
(X, 71, T2) is a pairwise fuzzy Volterra space. 

Theorem 3.2.[12] If \ is a pairwise fuzzy nowhere dense set in a fuzzy bitopological space 
(X,71, T2), then 1 — d is a pairwise fuzzy dense set in (X,71, 7). 

Proposition 3.4. If pairwise fuzzy first category sets are pairwise fuzzy nowhere dense 
sets in a fuzzy bitopological space (X,T1,T), then (X, 7, Tz) is a pairwise fuzzy Volterra space. 

Proof. Let (Ax)’s (&k = 1 to co) be pairwise fuzzy G'5-sets such that clr, (Ax) = 1, (¢ = 1,2) 
in a fuzzy bitopogical space(X, 7, T2). Then, by theorem 3.1, (1—.,)’s are pairwise fuzzy first 
category sets in (X,7,,7T>). By hypothesis, (1 — »;,)’s are pairwise fuzzy nowhere dense sets in 
(X,7,,T2). Hence Ve, (1 — Ax) is a pairwise fuzzy first category set in (X,T),T2). Again, by 
hypothesis, V?2.,(1 — Ax) is a pairwise fuzzy nowhere dense set in (X,7T1,T2). Then, we have 
intr, clr, (V1 (1 — Ax)) = 0 and intr, clr, ( Vey (1 — Ag)) = 0. Now intr, ( VR, (1— Ax) < 
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intr, (clr, (ve (1—-Ax))) implies that int, (V%,(1—Ax)) <0. That is., intr, (V2, (1—Ak)) = 
0. Hence intr, (1 — Af2,(Ax)) = 0. This implies that 1 — clr, ( AR, (Ax)) = 0. That is., 
cl, (AZZ (Ax) = 1. Similarly, we will prove that clr, (AR, (Ax)) = 1. Hence cl, (AZZ, (Ax) = 
1, (¢ =1,2). Now cly,(A,x) = 1 implies that clr, ely, (Ax) = 1 and cl7, clr, (Ax) = 1. Hence (Ax)’s 
are pairwise fuzzy dense sets in (X,71,T2). Now clr,( AZ@, (An)) < elr,( AM, (Ag)) implies 
that clr,( APL, (Ax)) = 1. Hence elp,( APL, (Ax)) = 1, (@ = 1,2) where (Ax)’s are pairwise 
fuzzy dense and pairwise fuzzy G-sets in (X,T,,T>2). Therefore (X,T,,T>) is a pairwise fuzzy 
Volterra space. 

Definition 3.3.[15] A fuzzy set \ in a fuzzy bitopological space (X,T,,T2) is called a 
pairwise fuzzy o-nowhere dense set if A is a pairwise fuzzy F,-set in (X,7),72) such that 
intr, intr, (A) = int, intr, (A) =0 

Proposition 3.5. If intr,( V%, (Ax)) = 0, where the fuzzy sets (Ax)’s (k = 1 to N) are 
pairwise fuzzy o-nowhere dense sets in a fuzzy bitopological space (X,T,,T2), then (X,7\, 72) 
is a pairwise fuzzy Volterra space. 

Proof. Suppose that intr,( Ve, (Ax)) = 0, where (Ax)’s are pairwise fuzzy o-nowhere 
dense sets in (X,T1,T2). Then, we have 1 — intr,( V%, (Ax)) = 1. This implies that 
cl, (1 — V2, (Ag)) = 1 and hence we have clp,( Af, (1 — Ax)) = 1 — (A). Since (Ax)’s 
are pairwise fuzzy o-nowhere dense sets in (X,7\,T2), (Ax)’s are pairwise fuzzy F-sets such 
that inty,intr, (An) = 0 and intp,intr,(A,) = 0. Then (1 — A,)’s are pairwise fuzzy G5- 
sets and 1 — intz,intr,(A,) = 1 and 1 — intz,intr,(A,) = 1. Hence (1 — A;x)’s are pairwise 
fuzzy G's-sets and clr,clp,(1 — Ax) = 1 and cl7,cly,(1 — Ax) = 1. Hence, from (A), we have 
ely, (Af, (1 — Ax)) = 1, (¢ = 1,2) where (A;)’s are pairwise fuzzy dense and pairwise fuzzy 
Gs-sets in (X,7,,T>). Therefore (X,7T,,T>) is a pairwise fuzzy Volterra space. 

Definition 3.4.[14] A fuzzy bitopological space (X,T1,T>) is called a pairwise fuzzy P- 
space if countable intersection of pairwise fuzzy open sets in (X,7T\,7T2) is pairwise fuzzy open. 
That is., every non-zero pairwise fuzzy G'5-set in (X, 7, T2) is pairwise fuzzy open in (X, 7), 72). 

Proposition 3.6. If the fuzzy bitopological space (X,T,,T>) is a pairwise fuzzy Baire and 
pairwise fuzzy P-space, then (X,7),T2) is a pairwise fuzzy Volterra space. 

Proof. Let (A\,)’s (k = 1 to N) be pairwise fuzzy G5-sets in a fuzzy bitopological s- 
pace (X,7,,72) such that cly,(An) = 1, (¢ = 1,2). Then cly,cl7,(Ax) = clr,(1) = 1 and 
clp, cl, (Ap) = ely, (1) = 1. Since (X, T,, Tz) is a pairwise fuzzy P-space, the pairwise fuzzy G'5- 
sets (A;)’s (k = 1 to N) are pairwise fuzzy open sets in (X,7T,7T2). Then, (Ax)’s (k = 1 to N) 
are pairwise fuzzy open sets in (X,71,72) such that cly,(A,) = 1, (¢ = 1,2). By proposi- 
tion 3.1, (1 — Ax)’s are pairwise fuzzy nowhere dense sets in (X,7T,,T2). Since (X,71,T2) is 
a pairwise fuzzy Baire space, intr, ( Ven (Ha)) = 0, where (f1,)’s are pairwise fuzzy nowhere 
dense sets in (X,71,72). Let us take the first N(q)’s as (1 — Ax) in (X,T,T2). Then, 
intr,( V_; (1 — Ag)) < intr, ( V4 (Ha)) implies that intr,( VP_, (1 — Ax)) = 0. Hence 
cl, (AR_, (An)) = 1, (¢ = 1,2) where (Ax,)’s are pairwise fuzzy dense and pairwise fuzzy G5-sets 
in (X,7\,7T2). Therefore (X,T,,T2) is a pairwise fuzzy Volterra space. 

Definition 3.5.[13] A fuzzy bitopological space (X,7T), 72) is said to be a pairwise fuzzy 
submaximal space if for each fuzzy set A in (X,7T),T2) such that clp,(A) = 1, (i = 1,2), then » 
is a pairwise fuzzy open set in (X, 71,7»). 
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Proposition 3.7. If the fuzzy bitopological space (X,T1,7T>) is a pairwise fuzzy Baire 
space and pairwise fuzzy submaximal space, then (X, 7), 72) is a pairwise fuzzy Volterra space. 

Proof. Let (A,)’s (k = 1 to N) be pairwise fuzzy G's-sets in a fuzzy bitopological space 
(X,7T),T2) such that clp,(A,) = 1, (¢ = 1,2). Since (X,T1,T2) is a pairwise fuzzy submax- 
imal space, the pairwise fuzzy dense sets (A,)’s (k = 1 to N) are pairwise fuzzy open sets 
in (X,T,,T2). Then, (A,)’s (k = 1 to N) are pairwise fuzzy open sets (X,T,,T2) such that 
clr, (Ax) = 1, (@ = 1,2). By proposition 3.1, (1 — \x)’s are pairwise fuzzy nowhere dense sets 
in (X,T1,T2). Since (X,T),T>) is a pairwise fuzzy Baire space, intr,( V2, (ua)) = 0, (i = 
1,2), where (q)’s are pairwise fuzzy nowhere dense sets in (X,T,,7T2). Let us take the first 
N(ua)’s as (1 — Ax) in (X,T),T2). But intr,( Vay (1 — An)) < intr, ( Vo1 (ua)). Now 
intr, (VAL, (1— Ax)) = 0 implies that int, (1—Ag_,(Ax)) = 0. Then 1— ely, ( Agi (Ax)) = 0. 
That is., cly,( Af_, (Ax)) = 1, (i = 1,2) where (Ag)’s are pairwise fuzzy dense and pairwise 
fuzzy G's-sets in (X,T1, T2). Therefore (X, 71, Tz) is a pairwise fuzzy Volterra space. 

Definition 3.6.[15] A fuzzy bitopological space (X,T,,T>) is called a pairwise fuzzy hy- 
perconnected space if \ is a pairwise fuzzy open set, then cly,(A) = 1, (i = 1, 2). 

Proposition 3.8. If the fuzzy bitopological space (X, 71, T2) is a pairwise fuzzy submaxi- 
mal space and pairwise fuzzy hyperconnected space, then (X,7,, T>) is a pairwise fuzzy Volterra 
space. 

Proof. Let (A,)’s (k = 1 to N) be pairwise fuzzy G's-sets in a fuzzy bitopological space 
(X, 7), T2) such that clr, (Ax) = 1, (¢ = 1,2). Now cl7, (Ax) = 1 implies that cly, clr, (Ax) = 1 = 
clp,clp, (Az). Since (X,T),T2) is a pairwise fuzzy submaximal space, clr,(A,) = 1, (¢ = 1,2) 
implies that (A;,)’s are pairwise fuzzy open sets in (X,71, 72). That is., Ax € T;. Now Ax € T; 
implies that Af_, (Ax) € Ti, (i = 1,2). Also since (X,7;,T2) is a pairwise fuzzy hyperconnected 
space, clr, (Ap_, (Ax)) = 1, (= 1,2) where (A;)’s are pairwise fuzzy dense and pairwise fuzzy 
Gs-sets in (X,7,, 72). Therefore (X,7T,,T>) is a pairwise fuzzy Volterra space. 
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Abstract Given a graph G with n vertices and m edges, the term energy of graph 
€(G) was introduced by Gutman in chemistry, due to its relevance to the total 7—electron 
energy of carbon compounds. In 1971 McClelland obtained both lower and upper bounds 
for m—electron energy. An improved upper bound was obtained by Koolen-Moulton in 2001. 
The lower and upper bounds for €(G) obtained in this paper are better than McClelland and 
Koolen-Moulton bounds. Also we obtained an upper bound for graph energy in terms of n 
as £(G) < 3[1+ 4/23]. 
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81. Introduction and preliminaries 


Let G = (V, E) be a simple undirected graph with n vertices and m edges. For any vieV, 
the degree of the vertex v;, denoted by d; or d(v;), is defined as the number of edges that are 
incident to v;. A graph G is said to be r-regular if each vertex of G have same degree r. A 
graph G is bipartite of degree r; and ro, if the vertex set, V is partitioned into disjoint subsets 
X and Y such that no two vertices of X(orY) are adjacent. A regular bipartite graph is a 
bipartite graph if each vertex has same degree. A bipartite graph G is semi-regular bipartite if 
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it is bipartite and each vertex in the same partition has same degree. Clearly regular bipartite 
graph is semi regular bipartite graph (r1 = r2). 


Given a graph G, the energy of G defined by 


n 


E(@) =o IAA 


i=1 
where Ay > Az > -:: => An are the eigenvalues of G which are obtained from its adjacency 
matrix. The studies on graph energy can be found in many papers, see e.g. [4-6]. For detailed 
survey on applications on graph energy, see papers [1-3]. 


Koolen and Moulton obtained upper bounds, [10], for graph energy in terms of m and n 











as 
2m 2m\ 2 
Pepa = ey ait = 
E(G) < m + yen 1) (2m (=) ) for 2m>n (1.1) 
and obtained an upper bound for bipartite graph [11] as 
4m 2m\ 2 
E(G) < + yo 2)(2m — 2/ a )-) for 2m > n. (1.2) 


Also they proved that for a graph G with n vertices 
E(G) < 5+ vn). 


Here in this paper we have shown that the upper bound (1.1) can be modified to a better 
bound for all classes of graphs with n? > 4m. Further results on upper bounds can also be seen 
in [7]. 


McClelland gave the following bounds for the energy of a graph 





2m + n(n = 1)|det(A)|* < €(G) < Vamn, (1.3) 
[12]. The lower bound obtained in this paper is better than the McClelland bounds. Kinkar 
Ch. Das et. al. also obtained an improvised lower bound for non-singular graphs, [8]. J. H. 
Koolen et. al. have improvised McClelland bounds in the paper [9]. 


§2. Discussion and Main results 


The following is a very useful tool on the eigenvalues: 


Lemma 2.1. Let G be a graph with n > 3 vertices and m edges. For respectively largest and 


smallest eigenvalues 1 and A, of G, we have 


Seay iy ce 
n 
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Proof. For n eigenvalues A; > Az > +++ > An of G, it is well known that 


sy =0 and yo = 2m. 
i=l i=l 

















Applying the Cauchy-Schwarz inequality for (Az, A3,--: , An—1) and (1,1,--- ,1), where n > 3, 
>|) —-—— 
n—2 times 
we obtain 
n—-1 2 n-1 n-1 
2 
(Ea)*< (EE) 
Le., 
Og + dn)? < (n= 2)(2m — A? — d2). 
Hence 
(n—2)2m > (Ar +An)? + (n— 2)(A? + A?) 
= (A+ An)2(n— 1) — 2(n— 2)A1An- 
But " ‘ 
ES ala, 
2 
which implies that 
Ai + An\? 
= So 
AtAn 2 ( 2 ) 
Hence : 
(n= 2)2m > (Ay +An)?(n = 1) = 2(n = 2) ed 
— (Ai T An 22 
This yA, <9 —, 











n 


We use the above lemma to find an upper bound for the width A; — A, of the spectrum: 


Corollary 2.1. For a graph G with n > 3 vertices and m edges, 


Mae = Wh a), 


n 


Proof. Applying the Cauchy-Schwarz inequality for the ordered pairs (A;,—A,) and (1,1), we 
have 
[LA1) + (An)? < (1+ DOT + Az) 


implying that 


Ai — An < V2y At + AZ 


< 2/2,/@(n— 2). 














Thus the width of the spectrum of a graph G can be at most 2V2 min — 2). 
n 
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Using Ay + An < 24/“(n — 2) and Ay — Ay < 2V2 “(n — 2), we find that 
n 


able) =(n-2) 


for n > 3 which is an upper bound for the largest eigenvalue. 


§3. Upper bound for the energy of a graph 


Theorem 3.1. Let G be a graph with n > 3 vertices and m edges. If n? > 4m, then 





2 2 4m? 
£G) S72) mee (31) 


Equality holds iff G is 5 Ke. 


Proof. Applying the Cauchy-Schwarz inequality to (|A2|, |A3|, --- , |An—1|) and (1, 1, ---, 1), 
eS 


we have ; : ; 
n— 2 n- n— 
(211) < (21) (4?) 
i=2 i=2 i=2 
and hence 
(E(G) — [Ar] — |An|)? < (mn — 2)(2m — [Ar |? — |An|?)- 





Therefore 





E(G) < [Aa] + An] + (0 = 2)(2m — [Aa]? — [An|?). 





Let now |Ay| = 2, |An| = y. We maximize the function 





f(z,y) =a t+y+ V(n—2)(2m — 2? — y?). 


Differentiating f(a, y) partially wrt x and y, respectively, we obtain 




















fe =1 ee) He y(n — 2) 
JV (n= 2)(Qm = 2? = y?)) *" JV (n= 2)(2m = 2? = y?) 
es Vn — 2(2m — y”) Pio Vn — 2(2m — x?) 
; (2m — 2? — y?)2” (2m = 2? = y?)2 
je Vn — 2xry 





(2m — a? —y2)3 
For maxima or minima, consider the equations f, = 0 and fy = 0 which together imply that 


z2(n—1)+y?=2m and y?(n—1)+27 = 2m. 
/2 
Solving the above equations, we obtain the values of x and y asx = y= cl At this point, 
n 
the values of fax, fyy, fey and A= fre fyy — (a are 
n—2(n-1 
PEMD) gy gts 


(22(n-2)8 a 
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22 (n- 2)2 


fee = —- 
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—2 2743-3 
toy — op and A= iA a) a at! > 0. 
4/22 (n — 2)2 2m/(n — 2) 
2m 
Therefore f(x,y) attains its maximum value at 7 = y = — Thus the maximum value is 
2 2 
equal to ( Vie = Pia: =) = V2mn. But f(x,y) decreases in the intervals \— me x <V/m and 


0<y<4/— nie Vm. Since n? > 4m, we get that 
n 


2 2 2 
J <— SIs vm, 0< [An] Sf < vm 


(Val Dal) < 722/22) < ff) 
EG) < mg [+ in 2) (2m — 2 — an) 


< 2mn. 


also holds. Thus 


and hence 





A 

















For the graph G ~ ae (n = 2m), E(G) =n and hence the equality holds. 


Now we show that the above bound is an improvisation of Koolen-Moulton bounds: 
Take 





g(z,y) =2+yt V(n—1)(Qm — a? — y?). 


2 
Then clearly f(x,y) < g(x,y) for all (x, y) in the given region of x and y. Further for 2 = s, 

n 
we have 











2 4m? 
But yee y) decreases in the interval 0 < y < 4/2m— a Since n? > 4m, 
n n 











which implies that f (2, \/2") <g(2m,0) and finally 


of + ym 2)(2m— 2 — BF) < fin —1)(2m- (22). 


If |A1| = |An| then 
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As in the above proof when y = z, 





f(x, x) = 22 + \/(n — 2)(2m — 22). 


But f(x,) decreases in the interval 2m <a</m. Since n? > 4m, 


/2 2 = 
Lia Me st = 
n n 


2m 2m)? : ; 
also holds. Thus we get €(G) < 2(—=) + / — 2) (2m - 2(—=) ). We claim that this 
n n 
bound is better than Koolen-Moulton bound. 





Take 





g(x,y) =e t+yt+ V¥(n—1)Qm — a? — 4). 
Then clearly f(x,y) < g(a,y) for all (x,y) in the given region. Taking z = *, we get 








m m m? 
(2 y) = 2 y+ y(n 2)(am— PE — yy 


nm n 





But f(#,y) decreases in the interval 0 < y < \/2m — 4m? . Since n? > 4m, the inequality 


rye” mc Oy /om 
n 


also holds. Thus f (22,2) < f(2m,0). But i < 1s and g(2@,0) = 2m + 











n2 


ye - 1) (2m - sn ) which together imply that f(2m, 2m ) < g( 7@ 0) and 





(eae eee y(n —2)(2m —2(2m 
2m 


— + (n= 1)(2m = ( 


Theorem 3.2. Let G be a graph with n vertices. Then 





IA 





g(G) < = (1 a (3.2) 


ne?) 
=D * 


2 


Proof. By previous theorem, for n? > 4m, we have 


£(@) <2() + y(n—2)(2m -2(2%)’). 


We maximize the right hand side in terms of m. Let 


ate) = = + yn—2)(2n-2()’). 








Then clearly 
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For maxima, from g’(x) = 0, we get 





and hence we obtain x = a At this point, the value of the function is obtained as 





A'S) = 














Note that for all classes of graphs with n? > 2m, Koolen and Moulton bound is better 
than the bound in (3.1). 


Clearly, the bound in (3.2) improves the Koolen and Moulton bound in terms of n: 
nN se 
&(G) < =(1 + vii. 
Illustrations 


The following table illustrates that the upper bound (3.1) is better than Koolen and Moul- 
ton bounds (1.1) for graphs with n? > 4m. 


54 


Vol. 13 Improved McClelland and Koolen-Moulton bounds for the energy of graphs 55 





Graph-1 

Graph-2 Graph-3 

a a Graph-4 
Graph-5 Graph-6 Graph-7 Graph-8 

8 
vs @ 
Graph-9 Graph-10 Graph-11 Graph-12 
Graph-13 Graph-14 Graph-15 Graph-16 
Graph-17 Graph-18 Graph-19 
FIGURE-1 


55 




























































































56 G. Sridhara, M. R. Rajesh Kanna, R. Jagadeesh and I. N. Cangul No. 1 
Graphs mj|nj]| Energy | K.M. Bound Improved Improved K.M. Bound 
K.M. Bound for | Ax |=| An | 

Graph 1 | 3 | 4 | 4.472136 4.854102 4.8460652 

Graph 2 | 4 | 4 4 5.4641016 5.4142136 4 
Graph 3 2/4 4 4 4 4 
Graph 4 | 3 | 4 4 4.854102 4.846052 

Graph 5 | 5 | 5 | 6.472136 6.8989795 6.8783152 

Graph 6 | 6 | 5 | 6.340173 7.3959984 7.3433059 

Graph 7 | 5 | 5 | 5.841693 6.8989795 6.8783152 

Graph 8 | 4 | 5 6 6.2647615 6.2590236 

Graph9 | 1 | 5 2 3.112932 3.1109165 3.0449944 
Graph 10} 6 | 5 4.8990 7.3959984 7.3433059 6 
Graph 11} 4 | 5 4 6.2647615 6.2590236 6.1393877 
Graph 12} 4 | 5 5.2263 6.2647615 6.2590236 6.1393877 
Graph 13 | 6 | 6 8 8.324555 8.313193 8 
Graph 14 | 7 | 6 | 7.6568542 8.8738056 8.1943351 

Graph 15 | 8 | 6 6.9282 9.3333 9.2885363 8 
Graph 16 | 7 | 6 | 7.4641016 8.8738056 8.8497351 

Graph 17 | 8 | 6 | 8.1826945 9.333 9.2885363 

Graph 18 | 8 | 6 | 8.0457827 9.333 9.2885363 

Graph 19 | 7 | 6 7.6569 8.8738056 8.8497351 8.1943351 

Table-1.1 


Theorem 4.1. Let G be a non-singular graph. Then 


§4. Lower bounds for energy 


E(G) > n|det Al. 


Equality holds iff G is Kz (n= 2m) . 


Proof. For the eigenvalues 413 > A2 > -:: 


> A, of G (or its adjacency matrix A), it is well 


known that | det(A)| = |AA2---+An|. Since G is non singular, we know that | det(A)| 4 0. 


1 


Applying the Cauchy-Schwarz inequality for n terms a; = ,/|A;| and b; = 1 for all i = 


2, tee 


n, we have 
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Hence we get 


Di Val 
JE@ = 7 


3|h 


VJ IAi] + V/JA2| £2 + V/]AnI| 


n 





> (VPr2- nl) 


implying that 


3|h 


n( [Aa Anl) 


VE(G) 2 Ti 





Therefore €(G) > n|detA|*. 











For the graph G ~ § K2 (n = 2m), det(A) = 1 and hence the equality is true. 





Theorem 4.2. Let G be a graph with n > 1 vertices and m edges and let 2m >n. Then 


1 


2m (n — 1)| det(A)|@-5 
nn (2) : 


Further the equality holds if (i) G is isomorphic to K, (ti) G is isomorphic to ae (n = 2m). 








E(G) = 


Proof. Using the Cauchy-Schwarz inequality for /|A2|, V/|Asl,-°- »./|An| and (1,1,---,1), we 
eS — 


n—2 times 
have 





Svar < | (Sho 


and equivalently 





Y vii sy (€@)-al)en— 0 





1=2 
and hence 
Diao VIAdl 
VE(G) — |Ai| = , 
Yyn—-1 
But 
VJ lA2| + /|A3] +--+: + An! wat 





= ( [A2ds-- An) 


n—1 
implying that 


1 
(n—1) 


(n — 1) (Dorsal) 


n—-1 





VE(G) — |Ai| = 


Hence we get 
1 
n-1 


£(G) 


IV 


|Ar| + (n — 1)(|d2As--- dnl) 
|Ai| + (n — jeer? 
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Let |Ai| = x and choose 








f(x) =a+(n ee ae 








x 
Then A 
det(A)|@-» 
fla) <1 — 18eel A) 
ge mT) 
and 


n| det(A)| coy) 


(Q2n—1) ° 
(n—l)e oD 


f"(x) = 


For maxima or minima, the equation f’(«) = 0 gives the value x = |det(A)|*. At this point, 





" n _ 
= —_ A)|* > 1. 
fl(e) = FA yldet(A)|* > 0, ny 
Thus the function f(x) is minimum at x = |det(A)|* and the minimum value is equal to 
f (|det(A)|*) = n|det(A)|*. But 
2m __ Aa |? +) Aa [P+ +]An |? 


sat Aal+ t/a 
n 


Ree conan. me 


IV 


1 


This implies that |det(A)|» < 7 since 2m > n and ™ < |\,|. Therefore the function is 


n 


increasing in the interval |detA|" < 2m << || < V2m. Therefore 








f(a) = i(™) 
and | 
E(G) > 2m | (n— 1)| det(A)| | 
Also 


(i) If G is isomorphic to K,,, then |det(A)| = n—1 and # = n—1, and hence €(G) = 
2(n — 1). 

(it) If G is isomorphic to bes (n = 2m), then the eigenvalues are +1 (with multiplicity 
each) implying that €(G) =n. 

















1 
2 — 1)| det(A)| @—D 
Minimizing the lower bound €(G) > = + (n — 1)| det(A)| 


pas ee 
n 9m \ @—D 
on 


Theorem 4.3. Let G be a graph with m edges and n (> 3) vertices such that 2m >n. Then 


in terms of n gives E(G) > 





n|detA|n. 





£(@) > 2(7) _ (n= 2)|det(A) 


i 2 
n 2m n—2 
n 


Equality holds iff G is isomorphic to 4K (n = 2m) or Kn n. 
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Proof. For n — 2 entries of eigenvalues (4/|A2|, VAs], --+ 5 W/|An—1|) and (1,1,--- ,1), apply 
—_S 


n—2 times 


the Cauchy-Schwarz inequality 





* Vin < (Sada) 


and hence 





> Vial < ((E@ — [Ail = [An|) (= 2) 


implying that 





Jaga Dal Pal > se avi 


But the arithmetic mean is greater than or equal to ees geometric mean, we get 


1. 
n—2 





(n — 2)(V/[2ds = Anal) 


VE(G) = [Aa] = [An] > TS 








and therefore we obtain 





FOZ WI+ PI +O -A( KT) 


Put |Ai| = a and |A,,| = y. We minimize the right side of the above function. Let 


f(z,y)=xzt+yt+(n ee, 














ry 
Then 
1 =—(n—-1) fois =(n—-1) 
fr =1-|det(A)|*Fy(ay) =, fy =1—|det(A)| 2 a(ay) =, 
= 1 (na 1\ 4 =(2n=3) = Se A Uy 1\ 5 =(@n=8) 
fox = |det(A)|**2 (= y%(ay) "2, fy = [det(A)|= 2 (2 )a?(ay) 2 
and 


—(n-1) 


fay = |det(A)|7s SO 


To find the maxima or minima, use the equations f,; = 0 and fy = 0 which gives 





vymt = | det(A)| ™=7 and ya rt = | det(A)|7=7. 


1 
n 


Solving these equations gives x = |det(A)|* and y = |det(A)| 
fea, fyys fey and A= fra fyy — Cans are 


fee = fy = (Sp) let(4)]*, 


. At this point, the values of 


1 =1 
— ee A)|= 
fay = ——5| det(A)| 
and 


A= (—*5)|det(4)|* > 0, 
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for alln # 2. The minimum value is then equal to 


f(|det(A)|*, |det(A)|*) = njdet(A)|*. 
But | det(A)|" < 2% < |\i| < V2m and 0 < |An| < |det(A)|" < 2% < 2m. For 2m > n, 
f(a,y) increases in the intervals | det(A)|" < 2m <x<V2nand0<y< | det(A)|= < 21m 
V2m, i.e., f(x,y) increases in the intervals | det(A)|* < 21m < |A1| < V2m and 0 < |A,| 
| det(A)|" < 2™ < V2m. Thus 


IN IA 


f(D Dnl) = £(22,22) 
> f( 2, |det(A)|* ) 
2 


(| det(A)|*, | det(A)|*). 


Hence we get 





(n — 2)| det(A)| == 


2 
2m \ 7-2 
n 


€(G)> 2(°™") 


n 


Also 





(i) If G is isomorphic to sia (n = 2m), then G has eigenvalues +1 (with multiplicity } 
each) implying €(G) =n. 





(ii) If G is isomorphic to Ky, then G has eigenvalues +n and 0 with multiplicity 2n — 2 
giving €(G) = 2n. 














Note that we can now prove that this bound improves the McClelland bound: Consider 
the function 














am) = 272) + (n= 2) SEI — fom + n(n = 1)] det A). 


n 


For a fixed n, we show that ¢’(m) > 0 and $”(m) > 0 by differentiating in terms of m: 








4 4|det(A)| 7 1 
ony = 4 Aldeet aie 
n( 22) 2m + n(n — 1)| det(A)|# 
ee 
Since | det(A)|” < ae we get 


[det AE 1 
(eye 

1 1 

1 n2° 
2m + n(n — 1)| det(A)|# 





and as 2m > n, 





IA 
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Thus ¢'(x) > 0. Also 





4| det(A)| 3) 
tn = | det (A)| ee 


(n—2)(2m) 


Clearly ¢”(m) > 0. Thus ¢(m) is an increasing function which implies that 


1 
(2m + n(n — 1)| det(A)|*)2- 

















2() + (n py laste ag yl2m-+ n(n —1)| det A)| 4. 


n 


2m n—2 
n 


The above bound in Theorem 4.3 can be minimized by differentiating with respect to m 


to get the lower bound for €(G) in terms of n: 
E(G) > n\det Al. 


Table—1.2 below gives us an improvisation of the lower bound for the graph classes in 






















































































Figure—1 
Graphs |mj/nJ| Energy | McClelland Bound | Improved McClelland Bound 
Graph 1 | 3 | 4 | 4.472136 4.2426407 4.3333 
Graph 2 | 4 | 4 4 2.8284271 4 
Graph 3 2/4 4 4 4 
Graph 4 | 3 | 4 4 2.4494897 3 
Graph 5 | 5 | 5 | 6.472136 6.0324256 6.3811016 
Graph 6 | 6 | 5 | 6.340173 3.4641016 4.8 
Graph 7 | 5 | 5 | 5.841693 3.1622777 4 
Graph 8 | 4 | 5 6 5.8643123 5.9630236 
Graph 10} 6 | 5 4.8990 3.4641016 4.8 
Graph 11} 4 | 5 4 2.8284271 3.2 
Graph 12} 4 | 5 5.2263 2.8284271 3.2 
Graph 13 | 6 | 6 8 7.7215304 8 
Graph 14 | 7 | 6 | 7.6568542 6.6332496 7.2852813 
Graph 15 |} 8 | 6 6.9282 4 5.333333 
Graph 16 | 7 | 6 | 7.4641016 3.7416574 4.6666667 
Graph 17 | 8 | 6 | 8.1826945 6.78233 7.7828231 
Graph 18 | 8 | 6 | 8.0457827 4 5.3333333 
Graph 19 | 7 | 6 7.6569 6.6332496 7.2852813 
Table-1.2 
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§5. Brief summary and conclusion 


In this paper, we find some lower and upper bounds for the energy of graphs. Attempt- 


s are continuously being made by researchers to improve these bounds. The lower and upper 


bounds obtained in this paper are improved versions of McClelland and Koolen-Moulton bound- 


Ss. 
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81. Introduction 


The concept of fuzzy sets was introduced by Zadeh [1] as a method for representing un- 
certainty. A fuzzy set A in a space of points X is characterized by a membership function 
which is denoted by f(a) for any point x in X. This function is associated with a real number 
ranging between 0 and 1. The value of the function f,4 at x2 represents the membership value 
of « in A. Extensions of fuzzy sets were proposed to treat imprecision such as interval valued 
fuzzy sets [2], intuitionistic fuzzy sets [3], L-fuzzy sets [4] and bipolar valued fuzzy sets [5], [6]. 
In [7], the authors investigates the similarities and differences between the representations of 
interval-valued fuzzy sets, intuitionistic fuzzy sets and bipolar-valued fuzzy sets. Interval valued 
fuzzy sets represents the membership degree by an interval value that reflects the uncertainty 
in assigning membership degrees. Intuitionistic fuzzy sets describes membership degree with a 
membership degree and a non-membership degree. In bipolar valued fuzzy sets, the member- 
ship degrees represent the degree of satisfaction to the property corresponding to a fuzzy set 
and its counter property. The membership degree in a bipolar valued fuzzy set range between 
the interval [0,1] and [—1, 0]. If the membership degree is 0 this means that the elements are 
irrelevant to the corresponding property, if the membership degree is in the interval (0, 1] then 
elements satisfy the property and if the membership lies in [—1,0] then the elements satisfy 
implicit counter property. Many studies have been done on bipolar fuzzy sets. For example, 
in [8] bipolar fuzzy structure of BG-subalgebras has been studied. Also, the bipolar fuzzy 
subalgebras and closed ideals of BC H-algebra and BC K/BCI-algebras has been introduced 
in [9], [10] respectively. More precisely, fuzzy extensions has been investigated in G-algebra. 
In [11] intuitionistic fuzzy G-subalgebras of G-algebras is considered and some characterization 
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of intuitionistic fuzzy G-algebras are given. In [12] the L-fuzzification of G-subalgebras are 
considered and a characterization of L-fuzzy G-algebras is given. 

In this paper, we complete the studies of fuzzy extensions in G-algebra. We study G- 
subalgebras and closed ideals of G-algebra based on bipolar valued fuzzy sets. The paper is 
organized as follows: In Section 2, we give basic definitions and propositions on G-algebra and 
fuzzy sets. In Section 3, we introduce bipolar valued fuzzy G-subalgebras and investigate some 
of its properties. Moreover, we give characterizations for bipolar valued fuzzy G-subalgebras. In 
Section 4, we introduce the notions of bipolar valued fuzzy ideals/closed ideals of G-algebra and 
the relations between bipolar valued fuzzy G-subalgebras and bipolar valued fuzzy ideals/closed 
ideals of G-algebra has been investigated. 


§2. Preliminaries 


Definition 2.1 [13, Definition 2.1] A G-algebra is a system (X,*,0) where X is a non- 


empty set, * a binary operation and 0 a constant satisfying the following axioms: 
(1) wxx=0, 
(2) wx(xxy)=y, for allz,yEe xX. 


Proposition 2.2 [13, Proposition 2.1] If (X,*,0) is a G-algebra, then the following con- 
ditions hold: 


(1) «x0=a, 
(2) Ox(Oxx) =a, for anyxEX. 


Proposition 2.3 [13, Proposition 2.2] Let (X,*,0) be a G-algebra. Then, the following 
conditions hold for any x,y € X, 


(1) (w*(w*y)) *y =0, 
(2) vwxy=O0> t=y, 
(8) Oxnv=Oxy>> r=y. 


Theorem 2.4 [13, Theorem 2.6] Let X be a G-algebra. Then the following are equivalent, 
for allz,y,z€X: 


(1) (axy)*z=(a*z) xy. 
(2) (wxy)* (ax z) = zy. 


Theorem 2.5 [13, Theorem 2.7] Let X be a G-algebra. Then the following are equivalent, 
for all x,y,z EX: 


(1) (axy)*(a*xz) = zy. 


(2) (wxz)x(yxz) =arey. 
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Lemma 2.6 [13, Lemma 2.1] Let (X,*,0) be a G-algebra. Thena*xa = ax y implies 
x=y, for anya,xz,yEeX. 

Definition 2.7 [13, Definition 3.3] A G-algebra (X,*,0) satisfying (x * y) * (z*t) = 
(a * z) * (y*t) for any x,y,z andt € X is called a medial G-algebra. 

Lemma 2.8 [13, Lemma 3.1] Jf (X,*,0) is a medial G-algebra then for any x,y and z 
€ X the following holds: 


(1) (wxy)xx=Oxy. 
(2) vx (y*z) =(x*y) x (0*2z). 
(3) vx(y*z)=(rxz)*y. 

A non-empty subset S of a G-algebra X is called a subalgebra of X if a * y € S, for all 
x,yeS. 

Definition 2.9 [1] Let X be the collection of objects x then a fuzzy set A in X is defined 
as: A = {(a,fa(x)) | «© € X} where fa(a) is called the membership values of x in A and 
fa(x) € [0,1]. 

Definition 2.10 [10] Let X be non-empty set with objects x. A bipolar fuzzy set f in 
X is an object having the form f = {(x,ft(x), f-(x)) | « € X}, where ft : X — [0,1] and 
f- : X — [-1,0] are maps. 

If ft (x) £0 and f~(x) =0 then = is regarded as having only positive satisfaction degree 
to the property corresponding to the bipolar fuzzy set f. If f(x) = 0 and f~(x) 4 0 then x 
does not satisfy the property of f and satisfies the counter property of f. For an element z, it 
possible to have f*(x) # 0 and f~ (x) 4 0 which means that the membership function of the 


property overlaps of its counter property over some elements of X. 


If fi ={(x, fi (x), f7 (w))} and fo = {(2, fo (x), fy (x))} are two bipolar fuzzy sets on X 
then the intersection and the union of two bipolar fuzzy sets are given as follows: 


Anh, = (fF @)O fy (), fr (@)9 fe (#)) 

= {min{f{ (2), fy (@)}, max{fy (©), fe (@)}}, 
AUfe = (fF (@)U fe (2), fr @) YU fe (x) 

= {max{fi (2), fo (v)},min{fr (©), fo (x) }}- 








§3. Bipolar fuzzy G-subalgebra 


In this section we introduce bipolar fuzzy G-subalgebras and we give characterizations 
of it with examples. For the rest of the paper we will denote the bipolar valued fuzzy set 
f ={(a, ft (x), f-(x)) |v © X} by f = (f*, f—) and X for the system (X,*,0) for shortness. 

Definition 3.1 Let f be a fuzzy set in a G-algebra X. Then f is called a fuzzy G-subalgebra 
of X if, f(axy) > min{ f(x), f(y)}, for all x,y © X, where f(x) is the membership value of «x 
in X. 

Definition 3.2 Let X be a G-algebra and let f be a bipolar fuzzy set in X. Then the f is 
a bipolar fuzzy G-subalgebra if, for all x,y € X the following are satisfied: 
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(1) ft(e*y) > min{f* (2), f(y}, 
(2) f-(w*y) S max{ f(x), f(y). 


Example 3.3 Consider the G-algebra X where X = {0,1,2} and x is defined by Cayley 
Table 1. Let f =(f*,f—) be a bipolar fuzzy set in X where ft and f~ are defined as follows: 








Table 1: 
*/0 1 2 
0/0 2 1 
1/1 0 2 
2};2 1 O 











0.66, x {0,2}; 
x“) = 
0.51, 2=1. 


—0.57, 2x € {0,2}; 
-0.36, x=1. 


Then f is not a bipolar fuzzy G-subalgebra of X as ft(0 * 2) = ft(1) = 0.51 whereas 
min{f*(0), f*(2)} = min{0.66, 0.66} = 0.66 i.e. f*(0* 2) % min{ ft (0), f*(2)}. 

Example 3.4 Consider the G-algebra X where X = {0,1,2,3,4,5,6,7} and * is defined 
by Cayley Table 2. Let f =(f*,f—) be bipolar fuzzy set in X where ft and f~ are defined by: 














Table 2: 
*/0O 1 2 3 4 5 6 7 
0/0 2 1 3 4 5 6 7 
1/1 0 3 2 5 4 7 6 
2/2 3 0 1 6 7 4 5 
3/3 2 1 0 7 6 5 4 
4/4 5 6 7 0 2 1 8 
5/5 4 7 6 1 0 3 2 
6/6 7 4 5 2 3 0 1 
7/7 6 5 4 3 2 1 «0 








0.74, « € {0,1,2,3}; 
fr (2) = 
0.52, otherwise. 
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“O57. 2 Ee 100.31 


f(z) = 
—0.36, otherwise. 


Then by direct computations we find that f is a bipolar fuzzy G-subalgebra of X. 

In the next theorems we give characterizations for a bipolar fuzzy set of a G-algebra to be 
a bipolar fuzzy G-subalgebra. 

Theorem 3.5 Let A be a non-empty subset of a G-algebra X and let f = (ft, f~) bea 
bipolar fuzzy set in X defined by 


ft(z) = nu, fee A; 
Y2, otherwise, 
$* (x) = 64, if x E A; 


62, otherwise, 


where 71 > Y2 in [0,1] and 6, < 52 in [-1,0]. Then f is a bipolar fuzzy G-subalgebra of X if 
and only if A is a G-subalgebra of X. 


Proof. ”=”. Suppose that f is a bipolar fuzzy G-subalgebra of X. For x,y € A we have 
ft(oxy) > min{ f(x), f(y} = min} = 1 and fr(e*y) < max{f-(2), f-(y)} = 
max{0d1,61}. Hence, x * y € A and so A is a G-subalgebra. 

”<”. Suppose A is a G-subalgebra of X. We have the following cases: 


Case(1) x andy ¢€ A. Ifz,ye Athen x*y € A. Hence ft (a * y) = y = min{ ft (zx), ft (y)} 
and f~(a*y) = 6, = max{f~ (x), f~ (y)}- 


Case(2) x g Aory ¢ A. Ifa ¢ A ory ¢ Athen ft(x*y) > ye = min{ft(z), ft(y)} 
and f(a *y) < 62 = max{f~ (a), f-(y)}. Hence, in both cases, f is a bipolar fuzzy 
G-subalgebra of X. 

















Theorem 3.6 Let X be a medial G-algebra and A a non-empty subset of X. If f = 
(ft, f7) is a bipolar fuzzy set in X defined by: 


ft) = "1, ifforac A, xxa=(0xa)x* (0x2); 


y2, otherwise, 


fle) = 61, if forae A, rxa=(0*a)*(0*«2z); 


62, otherwise, 


where x € X, ¥1 > Ye in [0,1] and 6, < d2 in [-1,0]. Then f is a bipolar fuzzy G-subalgebra of 
Xx. 


Proof. Let x,y € X and a € A.Then (x * y) *a =0* (0 * (a x y)) *a = (0 * a) * (0 * (~@ ¥ y)) as 
X is medial. We consider two cases. 
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Case(1) If xa = (0* a) * (0* x) and yxa = (0* a) x (0*y) and so ft(x*xy) = = 
min{ f*(x), f*(y)} and f~ (a *y) = 6 = max{f~ (x), f~(y)}. 


Case(2) If rxa 4 (Oxa)*(Oxx) or yxa 4 (Oxa)*(Oxy). Then ft (a*xy) > yo = min{ ft (x), ft (y)} 
and f~(a*y) < d2 = max{f~ (x), f~(y)}. 


Hence f is a bipolar fuzzy G-subalgebra of a medial G-algebra. 














Proposition 3.7 Let f = (ft, f7) be a bipolar fuzzy G-subalgebra in a G-algebra X. 
Then, forx € X, f*(0) is an upper bound of f*(x) and f~(0) is a lower bound of f~ (x). 


Proof. Let x € X. Then, as f is a bipolar fuzzy G-subalgebra in X, we have ft(0) = ft (a*a) > 
min{ f+ (2), ft(a)} = f+ (w) and f-(0) = f (wee) < max{ f-(«), f-(a)} = f(a). This proves 


the proposition. 














Theorem 3.8 Let f =(ft,f7) be a bipolar fuzzy G-subalgebra in X. If there exists a se- 
quence tp in X where n is positive integer such that limg +o ft (an) = 1 and limy +40 f~ (tn) = 
—1, then ft(0) =1 and f~(0) =-1. 

Proof. From Proposition 3.7, f*(0) > ft (2), for all 2 € X and so f*(0) > f*(a,). Therefore, 
1> fT(0) > limg 5. ft (an). As limg-4oo f*(%n) = 1 we have ft(0) = 1. Similarly, we can 
show that f~ (0) = —1. 














Proposition 3.9 Let f = (f*,f—) be a bipolar fuzzy G-subalgebra in X. Then, for all 
n€X, ft(O«a) > ft(c) and {-(0#2) < f-(a). 
Proof. For x € X, we have ft(0*x) > ft(ax) as ft(O*x) > min{f*(0), ft(x2)} = min{ ft (a « 
x), ft(x)} > min{min{ ft (x), ft (x)}, ft (x)} = ft (2). It can be shown that f~ (O«x) < f(a) 


similarly. 

















Next we show that the intersection of two bipolar fuzzy G-subalgebras is a bipolar fuzzy 


G-subalgebra. 
Theorem 3.10 Let fi = (fi', f,) and fo = (fx, fo) be two bipolar fuzzy G-subalgebras 
in a G-algebra X. Then f1M fo is a bipolar fuzzy G-subalgebra in X. 


Proof. Suppose that f; and f2 are bipolar fuzzy G-subalgebras in X and let x and y € fi fe. 
Then z,y € f; and x,y € fo. We have f, 9 fo = (fi ON ft, f7 A fz) where 


min{ fy (x *y), fy (x *y)} 

min{min{ f(x), fi (y)},min{ fy (x), fy (y)}} 
= min{min{f/ (2), fy («)},min{f"(y), fy (w)} 
min{ fi fy (x), A 9 £2 (yh, 


I 


fragt 


IV 











l 


fr fg = max{fy (w*y), fo (w*y)} 

max{max{ fy (a), fr (y)},max{ fy (x), fo (w)tt 
( 
( 


IA 


= max{max{f, (x), fy (x)},max{fy (y), fo (y)}} 
= max{f, 9 fo (x), f7 9 fe (y)}- 
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The union of two bipolar fuzzy G-subalgebras need not be a bipolar fuzzy G-subalgebra 
as shown in the next example. 

Example 3.11 Consider the G-algebra X where X = {0,1,2,3,4,5,6,7} with Cayley 
Table 2. Let fi = (fi, f,_) and fo = (fs, fo) be bipolar fuzzy sets in X where fit, fr, fe and 
fg are defined as follows: 


0.74, « € {0,1,2,3}; 


i (t) = 
0.52, otherwise, 
_ —0.57, « € {0,3}; 
fi (2) = . 
—0.11, otherwise. 
+(2) = 0.84, « € {0,4}; 
0.30, otherwise, 
- —0.30, « € {0,1,2,3}; 
fz (2) = 


—0.20, otherwise. 


Using Theorem 38.5, we know that f; and fz are bipolar fuzzy G-subalgebras. We have 
fi U ft (3 * 4) = max{ fi (3 * 4), ft (3 * 4)} = max{fi*(7), fo (7)} = max{0.52, 0.30} = 0.52 
whereas min{ f;* U fx (3), fii U ft (4)} = min{0.74, 0.84} = 0.74 and hence fi U ft (3 * 4) = 
0.52 % 0.74 = min{ f* U fy (3), fi’ U fa (4)}. This proves that the union of two bipolar fuzzy 
G-subalgebras need not be a bipolar fuzzy G-subalgebra. 


84. Bipolar fuzzy ideal 


In this section we introduce the bipolar fuzzy ideal and study some of its properties then 
we investigate the relation between bipolar fuzzy G-subalgebra and Bipolar fuzzy ideal/closed 
ideal. 

Definition 4.1 A subset I of a G-algebra X is called an ideal of X if: 


(1) OeT, 
(2) uwxyeTl andy €1 implies « € I. 


An ideal I is said to be a closed ideal of X if x € I implies O0*a € I. 
Definition 4.2 A bipolar fuzzy set f = (ft, f~) in a G-algebra X is called a bipolar fuzzy 
ideal of X if: 


(1) f*(0) > f*() and f-(0) < f(a), 
(2) f*(«) 2 min{f*(x*y), f(y}, 
(3) f-(@) S max{ fo (a *y), f(y). 
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Definition 4.3 A bipolar fuzzy set f = (ft, f~) in a G-algebra X is called a bipolar fuzzy 
closed ideal of X if: 


(1) ft(O*x) > f*(a) and f-(O*x) < f-(2), 
(2) ft(«) 2 min{f*(x*y), f(y}, 
(3) f-(@) S max{ fo (a *y), f(y). 


Proposition 4.4 Let f =(f*,f—) be a bipolar fuzzy ideal of a G-algebra X. If x xy =0 
then f* (a) > f*(y) and f-(x) < f(y). 














Proof. The proof is direct. 





Theorem 4.5 Every bipolar fuzzy ideal of a G-algebra X is a bipolar fuzzy G-subalgebra 
of X. 


Proof. Let f = (f*,f7) be a bipolar fuzzy ideal of a G-algebra X. As x * (x xy) *y = 0 
then from Proposition 4.4, ft(a * (x * y)) > ft(y) and f7 (a * (x * y)) < f7(y). Hence, using 
Definition 4.2, ft (ex (wxy)) > ft(y) > min{ f+ (ws (w+y)*y), f*(y)} = min{ +0), f+ (y)} > 
min{ f*(2), f*(y)}. We also have f(a * (xy) $ fr(y) < max{ f(x « (w*y) #4), f(y} = 
max{f~ (0), f- (y)} < max{f (a), f~(y)}. Therefore f is a bipolar fuzzy G-subalgebra. 














Proposition 4.6 Every bipolar fuzzy G-subalgebra satisfying f* (x) > min{ ft (axy), ft (y)} 
and f~ (x) < max{f~(x* y), f-(y)} ts @ bipolar fuzzy closed ideal. 














Proof. Direct to prove. 


Theorem 4.7 Let f =(ft,f7~) be a bipolar fuzzy G-subalgebra of a medial G-algebra X 
such that for x,y € X, ft(y*xa) > ft(x*y) and f-(y*x) > f-(a* y) then f is a bipolar 
fuzzy closed ideal of X. 


Proof. As x = x*0 we have ft (x) = ft(x*0) > ft(O*xx) > ft((yxy)*ax) > ft ((y*a) xy) as 
X is medial. Then ft((y* x) *y) > minf ft(y*x), ft (y)} > minf{ ft (2 *y), fr (y)}. Similarly 
f- (a) < max{f7(a « y), f~(y)}. Hence with Proposition 3.9, f is a bipolar fuzzy closed ideal 
of X. 
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Abstract In this paper, we define the concept of A.-sets (resp. Ve-sets) of a topological space 
i.e., the intersection of e-open (resp. the union of e-closed) sets. We study the fundamental 
property of A.-sets (resp. Ve-sets) and investigate the topologies defined by these families of 
sets. 
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§1. Introduction and preliminaries 


In general topology, the arbitrary intersection of open sets is not open and the arbitrary 
union of closed sets is not closed. These properties motivated Maki [9] to introduce the concepts 
of A-sets and V-sets in topological spaces. Several topologists like Miguel Caldas Cueva, Saeid 
Jafari, Govindappa Navalagi, Erdal Ekici, Noiri, Baker, Moshokoa and Julian Dontchev [3-7] 
have contributed more articles on the above sets. 

Recently, In 2008, Erdal Ekici [8] introduced a new class of generalized open sets called 
e-open sets into the field of topology. This class is a subset of the class of semipreopen sets [2]. 
In this paper to introduce the concept of A,--sets (resp. Ve-sets) which is the intersection of 
e-open (resp. the union of e-closed) sets. We also investigate the notions of generalized /A,-sets 
and generalized V.-sets in a topological space (X, 7). Moreover, we present a new topology 
re on (X,7) by utilizing the notions of A,-sets and V,-sets. In this connection, we examine 
some of the properties of this new topology. 

Throughout the present paper, the spaces X and Y mean topological spaces. For a subset 
A of aspace X, Cl(A) and Int(A) represent the closure of A and the interior of A, respectively. 
A subset A of a space X is said to be regular open (regular closed) if A = Int(Cl(A)) (resp. 
A=Cl(Int(A))) [10]. The 6-interior of a subset A of X is the union of all regular open sets of 
X contained in A and it is denoted by Ints(A) [11]. A subset A is called d-open if A = Ints(A). 
The complement of a d-open set is called 6-closed. The 5-closure of a set A in a space (X, T) 
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is defined by {a € X : AN Int(Cl(B)) 4 ¢, B © randx € B} and it is denoted by Cls(A). A 
subset A of a space (X, 7) is called e-open [8] if A C ClInts(A))UIntCls(A)) and e-closed [8] if 
Clints(A)) MN IntCls(A)) C A. The e-closure of a set A, denoted by eCl(A), is the intersection 
of all e-closed sets containing A. The e-interior of a set A denoted by eInt(A), is the union of 
all e-open sets contained in A. 

The family of all e-open (resp. e-closed) sets in (X,7) will be denoted by eO(X,7T) (resp. 
eC(X,T)). 

Proposition 1.1. [8] 


(1) The union of any family of e-open sets is e-open. 
(2) The intersection of an open and an e-open set is an e-open set. 


Lemma 1.1. /8] The e-closure eCl(A) is the set of alla € X such that ON AF ¢ for 
every O € eO(X, x), where eCO(X, x) ={U | xe U, U€ eO(X, 7r)}. 

Definition 1.1. /9] Let X be a space and AC X. Then AY ={F: F CA and F is 
closed } and AX =(\{U: ACU and U is open }. Moreover, A is said to be V-set if A= AY 
and A is said to be A-set if A= A”. 


§2. /,.-sets and \V,-sets 


Definition 2.1. Let A be a subset of a topological space (X, 7). We define the subsets 
A” and AY® as follows: 


A*’e =(){O\ ODA, O€ eO(X, T)} and AY°e=U{F \ FCA, F°€ eO(X, 7)}. 


Proposition 2.1. Let A, B and {B, : \ € QO} be subsets of a topological space (X, T). 
Then the following properties are valid: 


(i) oY =¢ and ¢ = ¢. 
(ii) XYe = X and X’ = X. 
(iti) BC BY. 
(iv) If AC B, then A%« C B*« and AY C BY. 
(v) BYY CB. 
(vi) (B%:)*%e = BYe and (BYe)Ye = BYe. 
Ne 
(ii) | U Ba] = UB. 
AED. AED 
(vitt) If A € eO(X, T), then A= A”. 
(ix) (BY)** = (BY) °. 


(x) If BE eC(X, 7), then B= BY. 
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EQ EQ 
Ve 
ci) |U Ba) 2 U BY 
rEN EQ 
(xitt) BYe C BY and BY’ D B”. 


Proof. The proofs of (i), (ii), (iii) and (v) are clear by Definition 2.1. 
(iv) Suppose that x ¢ B’«. Then there exists a subset O € eO(X, 7) such that O D> B 
with x ¢ O. Since B D A, thus x ¢ A’* and thus A%« C B”<. Similarly AYe C BY. 


(vi) Follows from (iii), (v) and Definition 2.1. 


Ae 
(vii) Suppose that there exists a point x such that x ¢ | U B| . Then, there exists a 
EQ 


subset O € eO(X, 7) such that Uy By C O and x ¢ O. Thus, for each A € 1 we have x ¢ BY. 
EQ 


This implies that « ¢ U BY. 
EQ 
Conversely, suppose that there exists a point x € X such that « ¢ U Be, Then by 
Definition 2.1, there exists subsets O, € eO(X, 7) (for each A € Q) such ee x a Ox, By C Ox. 
Let O= L Oy. Then we have that x ¢ U Ox, U By CO and O€ eO(X, 7). This 
EQ EN EQ 


Ae 

implies that « ¢ | U | . Thus the proof of (vii) is complete. 
AE 

(viii) By Definition 2.1 and since A € eO(X, 7), we have Ae C A. By (iii), we have that 


Ate = A. 
(ix) (BY) =(){ F*/F¢ D B*, Fe € eO(X, 7)} = (BS) 


(x) If B € eC(X, 7), then B® € eO(X, 7). By (vii) and (viii), BS = (B°)* = (BY*)¢. 
Hence B = BYe. 


(xi) Suppose that there exists a point x such that x ¢ (| Bi °. Then, there exists \ € 2 
AE 


such that « ¢ B\°. Hence there exists O € eO(X, 7) such that O D By and xz ¢ O. Thus 
rx 


Ne e 

x By|  . This implies that By € Bé«. Similarly, we can easily prove that 

r 
AEQ AED ACEO 


Ree 


rAED AED 


wo [yal | 





I 
. —— 
=) 
Cc 
v< ~ 
=, 
ie) 
| 
ie} 


(By (viii) and (xi)). 


I 
= 

& 
es 
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(xiii) Follows from Definition 1.1 and Definition 2.1. 











Definition 2.2. In a topological space (X, T), a subset B is a Ag-set (resp. Ve-set of 
(X, 7)), if B = B’< (resp. B= BY). By Ac(resp. V-), we denote the family of all A.-sets 
(resp. Ve-sets) of (X, T). 

Remark 2.1. By Proposition 2.1 (vii) and (x), we have that : 


(i) If Be eO(X, 7), then B is a A--set. 
(it) If B € eC(X, 7), then B is a V_-set. 


The converses of the above Remark 2.1 need not be true as shown by the following examples. 
Example 2.1. Let X ={a, b, c} andr ={X, ¢, {a}, {b}, {a,b}}, then 

(i) {a, b} is a Ae-set in (X, 7) but it is not eO(X, 7). 

(ti) {c} is a V_-set in (X, 7) but it is not eC(X, 7). 

Theorem 2.1. 


(i) The subsets 6 and X are Ac-sets and \V.-sets. 

(ii) Every union of Ae-sets (resp.Ve-sets) is a Ae-sets (resp.V e-sets). 
(iit) Every intersection of \e-sets (resp. Ve-sets) is a Ae-sets (resp. Ve-sets). 
(iv) A subset B is a A,-set if and only if BS is aV.-set. 


Proof. (i) and (iv) are obvious. 
(ii) Let {B, : A € Q} be a family of A--sets in a topological space (X, 7). Then by 
Definition 2.2 and Propostion 2.1(vii), 


RO ezse—ol ezine tae 


rAEQD. AED AED 


(iii) Let {B, : A € Q} be a family of A.-sets in (X, 7). Then by Proposition 2.1 (xi) and 


Definition 2.2, 
eae Ss (BS Fey 














AE EQ EQ 
Hence by Proposition 2.1 (iii), 1) By =[() Bal’. 
EN EQ 


Remark 2.2 By Theorem 2.1, Ac (resp. Ve) is a topology on X containing all e-open 
(resp. e-closed) sets. Clearly (X, Ac) and (X, Ve) are Alexandroff spaces [1], i.e, arbitrary 
intersections of open sets are open. 

Definition 2.3. A topological space (X, T) is said to be e-T, if for each pair of distinct 
points x and y of X, there exists a e-open set Uz containing x but not y and an e-open set 
Uy, containing y but not x. It is obvious that (X, 7) is e-T, if and only if for each x € X, the 
singleton {x} is e-closed. 


Theorem 2.2. For a topological space (X, 7), the following properties are equivalent: 


(i) (X, 7) is e-Ty. 
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(ii) Every subset of X is a Ae-set. 
(iit) Every subset of X is a V_-set. 


Proof. It is obvious that (ii) = (iii). 

(i) => (iii) : Let A be any subset of X. Since A = U{ {x} | « € A}, A is the union of 
e-closed sets, hence a V--set. 

(iii) => (i) : Since by (iii), we have that every singleton is a union of e-closed sets, i.e. it is 











e-closed, then (X, 7) is a e-T, space. 





83. g/A--sets and g\V-,-sets 


In this section, by using the A,-operator and V,-operator, we introduce the classes of 
generalized A.-sets (= gA--sets) and generalized V,.-sets (= gV--sets) as an analogy of the sets 
introduced by Maki [9]. 

Definition 3.1. In a topological space (X, 7), a subset B is called a g\--set of (X, T) 
if BX: C F whenever B C F and F is e-closed. 

Definition 3.2. In a topological space (X, 7), a subset B is called a gV--set of (X, T) 
if Bo is a gA--set of (X, T). 

Remark 3.1. We shall see, however, that we obtain nothing new according to the 
following results. 

Proposition 3.1. For a subset B of a topological space (X, 7), the following properties 
hold: 


(i) B is a gA--set if and only if B is a Ace-set. 
(ii) B is a gV_-set if and only if B is a Ve-set. 


Proof. (i) Every A.--set is g\e-set. Now, let B be a gA,-set. Suppose that 2 € B’«\B. Since 
for each « € X, the singleton {x} is e-open or e-closed. If {x} is e-open, then X\{z} is e-closed. 
Since B C X\{x}, we have B’« C X\{x} which is a contradiction. If {x} is e-closed, X\{x} 
is e-open and B c X\{x}. Therefore, we have B’« Cc X\{x}. This is a contradiction. Hence 
B’« = Band Bisa /,-set. 

(ii) This is proved in a similar way. 














§4. The associated topology r“° 


In this section, we define a closure operator C’* and the associated topology 7’< on the 
topological space (X, 7) by using the family of A,-sets. 
Definition 4.1. For any subset B of a topological space (X, 7), define 


C’(B)=(YU : BCU, UEAe} and IntY*(B)=U{F : BDU, Fev-}. 
Proposition 4.1. For any subset B of a topological space (X, T), 


(a) BC C*(B). 
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(b) C(Be) = (IntY(B))°. 
(c) C(d) = 6. 


(d) Let {By : XE QO} be a family of (X, 7). Then J C%(By) =C*%e( U By). 
AED AED 


(e) C%=(C*(B)) = C*(B). 

(f) If ACB, then C%-(A) C C”(B). 
(9) If B is a Ne-set, then C’(B) = B. 
(h) If B is a\Ve-set, then Int’¢(B) = B. 


Proof. (a), (b) and (c): Clear. 
(d) Suppose that there exists a point x such that x ¢ C”«( U By). Then, there exists a 


subset U € A¢ such that U By CU and x €¢ U. Thus, for each oe € Q we have x ¢ C’*(By). 
This implies that x ¢ U, "Oh (By). 


Conversely, we aoe that there exists a point x € X such that « ¢ LU C*%«(By). Then, 
rEQ 


there exists subsets U, € A. for all A € 2, such that « ¢ Uy, By C Uy. Let U = U Uy. 
AEN 


From this and Proposition 2.1(vi), we have that ¢ ¢ U, U By C U and U € Ae. Thus, 


EQ 
x &éC%e(U By). 
AED 

(e) Suppose that there exists a point x € X such that x ¢ C’«(B). Then, there exists a 
subset U € A. such that x ¢ U and U D B. Since U € A, we have C’«(B) C U. Thus, we 
have x ¢€ C’«(C*e(B)). Therefore C%-(C%«(B)) C C’«(B). The converse containment relation 
is clear by (a). 

(f) Clear. 

(g) By (a) and Definition 4.1, the proof is clear. 

(h) By Definitin 4.1, (g) and (b) hold. 














Then we have the following. 

Theorem 4.1. C’< is a Kuratowski closure operator on X. 

Definition 4.2. Let r’* be the topology on X generated by Cs in the usual manner, 
ie.,7< ={B: BC X, C’(B°) = B°}. We define a family p*« by p’« ={B : BCX, 
C*<(B) = B}. 

By Definition 4.2, p’° ={B: BCX, Boers}. 

Proposition 4.2. Let (X, rT) be a topological space. Then, 


(a) r’« ={B: BCX, Int’<(B) = B}. 
(b) he = ph 
CO) Wee 


(d) If eC(X, rT) =7”, then every Ae-set of (X, T) is e-open (i. e., CO(X, T) = Ae). 
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(e) If every Ae-set of (X, 7) is e-open (i.e., Ne C eO(X, 7)), then r*’e ={B: BCX, B= 
BY}, 


(f) If every Ae-set of (X, T) is e-closed (i.e., Ne C eC(X, T)), then eO(X, Tr) =7"°. 


Proof. (a) By Definition 4.2 and Proposition 4.1, if A C X then A € 7° if and only if 
C*(A°) = AS‘, if and only if (IntYe(A))° = A®, if and only if IntYe(A) = A if and only if 
A€{B: BCX, Int’«(B) = B}. 

(b) Let B be a subset of X. By Proposition 2.1 (viii), eO(X, 7) C Ae and 


C*(B)=(HU| BCU, VE A} Cf \{U| BCU, U € eO(X, r)} = BY”. 


Therefore, we have C’«(B) C B’*. Now suppose that « ¢ C’°(B). There exists U € A, such 
that BCU and « ¢ U. Since U € Ac, U =U*" =(\{V | U CV © eO(X, 7)} and hence there 
exists V € eO(X, 7) such that U CV anda ¢V. Thusxz ¢ V and BC V € eO(X, 1). This 
shows that « ¢ B’e. Therefore, B’e C C’e(B) and hence B’e = C’«(B), for any subset B of 
X. By the definitions of A. and p**, we obtain A. = p’”. 

(c) Let B € r*e. Then C’°(B°) = BY and BS € p*s. By (b) B° € A. and BS = (B*)’<. 
Therefore, by Proposition 2.1 (ix), BS = (BY°)° and B = BYe. This shows that B € Ve. 
Consequently, we obtain r“« C V.. Quite similary, we obtain T’* D V. and hence Ve = 7”. 

(d) Let B be any /--set. ie, B € Ac. By (b), B € p* thus, B® € 7’. From the 
assumption, we have, B® € eC(X, 7) and hence B € eO(X, 7). 

(e) Let AC X and Aer”. Then by Definitions 4.1 and 4.2, 

Ac = Ce (AS) 
=(({U : UDASTUE A} 
=(W{U : UD AS,U € eO(X, 7)} 
= (A, 

Using Proposition 2.1 (ix), we have A= AYe.i.e, ACE {B: BC X,B= BY*}. 

Conversely, if AC {B : BC X,B = BY} then by Proposition 3.1 (ii), A is a gV--set. 
Thus A € V.. By using (c), AE 7”. 

(f) Let AC X and Ae€7”e. Then 


A= (C%(A*))° = (( YU : A® CU, U E Ac})° = {US US C ALU € Ach. 


Conversely, if A € eO(X,7), then by (b), A € A.. By assumption, A € eC(X, 7). By using 
(c), AE Tr”. 














Proposition 4.3. If eO(X, 7) = 7", then (X, 7°) is a discrete space. 


Proof. Suppose that {x} is not e-open in (X, 7). Then {x} is e-closed in (X, 7). Thus {x} € 7“ 
by Proposition 4.2 (c). Suppose that {a} is e-open in (X, 7), then {x} € eO(X, 7) = 7”. 
Therefore, every singleton {x} is r**-open and hence every subset of X is T’*-open. 














Conclusion: The concepts of A,--sets and V,-sets are used to characterize the e-closed 
and e-open sets. Also the basic operators namely C’« and IntY« operators are studied using 
the above sets. 
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81. Introduction 


Sostak [11] introduced the notion of fuzzy topology as an extension of Chang [2] and 
Lowen’s [8] fuzzy topology. Later on he has developed the theory of fuzzy topological spaces 
in [12] and [13]. Popa [9] introduced the notion of rarely continuity as a generalization of weak 
continuity [6] which has been further investigated by Long and Herrington [7] and Jafari [4,5]. 
Recently Vadivel and Elavarasan [16] introduced the concept of r-fuzzy regular semi open and 
fuzzy regular semi continuous functions in fuzzy topological spaces in the sense of Sostak’s. In 
this paper, we introduce the concepts of rarely fuzzy regular semi continuous functions in the 
sense of Sostak’s [11] is introduced. Some interesting properties and characterizations of them 
are investigated. Also, some applications to fuzzy compact spaces are established. 


§2. Preliminaries 


Throughout this paper, let X be a nonempty set, J = [0, 1] and Jp = (0, 1]. For 
A € IX, Naw) = d for all x € X. For x € X and t € Ip, a fuzzy point x is defined by 


t ify= 
ily) = ia Let Pt(X) be the family of all fuzzy points in X. A fuzzy point x, € 
0 ifyAu. 


iff t < A(a#). All other notations and definitions are standard, for all in the fuzzy set theory. 
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Definition 2.1. /11] A function r: IX + I is called a fuzzy topology on X if it satisfies 


the following conditions: 

(O1) <(0) =7 (1) =1, 

(02) + Vier bi) = Aser THs), for any {us}ier CI*, 
(O83) T(ua A M2) = T(m1) AT(ue2), for any pr, 2 € 1%. 


The pair (X, 7) is called a fuzzy topological space (for short, fts ). A fuzzy set is called an 
r-fuzzy open (r-fo, for short) if T(A) > r. A fuzzy set X is called an r-fuzzy closed (r-fc, for 
short) set iff 1— 2 is an r-fo set. 

Theorem 2.1. [3] Let (X,7) be a fts. Then for each \ € IX andr € Ip, we define an 
operator C, : I* x Ig > I* as follows: C;(A, r) = A{we I* :X <p, TI —p) > 1}. For 
A, wEl* andr,s € Ip, the operator C, satisfies the following statements: 


(C1) C,(0,r) =0, 

(C2) X<C,(A, 7), 

(C3) Cr(A, rT) V Cr(M, 7) = Cr(AV bs, 1), 
(C4) Cz(A, r) S C,(A, 8) ifr<s, 

(C5) C,(C,(A, r), r) = C,(A, 1). 


Theorem 2.2. [3] Let (X,7) be a fts. Then for each X € IX andr € Io, we define 
an operator I, : IX x Ip 4 I* as follows: I,(\, r) = VW{u € I* :u < X, t(u) > r}. For 
A, wEI* andr,s € Ip, the operator I, satisfies the following statements: 


(11) I-(1,r) = 1, 

(12) T,(A, r) SA, 

(18) T(r, Pr) AIely 1) = TAA, 1), 

MIO, ALE eee, 

(15) 1,4,(, r), r)=1,(,, r). 

(16) 1,14 —A,r) =1—C,(,,r) and C,(1—A,r) =1—1,(A, 1) 
Definition 2.2. /10] Let (X, 7) be a fts, \€I* andr € Ip. Then 

(1) a fuzzy set » is called r-fuzzy regular open (for short, r-fro) if X = I-(C7(A,r),r). 

(2) a fuzzy set » is called r-fuzzy regular closed (for short, r-frc) if X = C,(I,(A,r),1). 
Definition 2.3. [16] Let (X, T) be a fts and \ € I*, r € Ip. Then 

(1) 2 is called r-fuzzy regular semi open (for short, r-frso) if there exists r-fro set  € IX and 


wSASC,(u,7). 
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(2) X is called r-fuzzy regular semi closed (for short, r-frsc) if there exists r-fre set  € I* 
and I,(u,r) <A <p. 


(3) The r-fuzzy regular semi interior of A, denoted by RSI,(A,r), is defined by RSI,(A,r) = 
Wed | ohne fo: 


(4) The r-fuzzy regular semi closure of X, denoted by RSC,(A,1r) is defined by RSC;(A,r) = 
Amel | dete). 


Definition 2.4. /15] Let f : (X, T) > (Y, co) be a function and r € Ip. Then f is called 
fuzzy regular continuous if f(A) is r-fro set in I* for each X € IY with o(\) >r. 

Definition 2.5. /16] Let (X, 7) and (Y, 7) be fts’s. Let f: X + Y be a mapping. Then 
f is said to be: 


(1) fuzzy regular semi irresolute (resp. fuzzy regular semi continuous) iff f~'() is r-frso for 
each r-frso set wE I* (resp. wE TY, n(p) > 1). 


(2) fuzzy regular semi irresolute open (resp. fuzzy regular semi open) iff f(A) is r-frso in Y 
for each r-frso set XE I* (resp. X€ I*, r(\) > 1). 


(3) fuzzy regular semi irresolute closed (resp. fuzzy regular semi closed) iff f(A) is r-frsc in 
Y for each r-frsc set \€ I* (resp. XE IX, TI —A) > 1). 


(4) fuzzy regular semi irresolute homeomorphism iff f is bijective, f and f—* are fuzzy regular 


semi trresolute. 


Definition 2.6. [1] Let (X,r) be a fts andr € Ip. For \ € I*, 2 is called an r-fuzzy rare 
set if I,(A,r) = 0. 

Definition 2.7. /1] Let (X, 7) and (Y, ) be a fts’s. Let f : (X, T) > (Y, ) be a 
function. Then f is called 


(1) weakly continuous if for each p € IY, where o(m) >r, r € Io, fo'(p) < I-(f-1(Co(u,r)),7)- 


(2) rarely continuous if for each uw € IY, where o() > 1, r € Ip, there exists an r-fuzzy rare 
set EI* with w+C,(A,r) >1 and p€ I*, where t(p) > 1 such that f(p) < pV A. 


Proposition 2.1. /1] Let (X, rT) and (Y, o) be any two fts’s, r € Ip and f : (X, T) > 


(Y, o) is fuzzy open and one-to-one, then f preserves r-fuzzy rare sets. 


§3. Rarely fuzzy regular semi continuous functions 


Definition 3.1. Let (X, 7) and (Y, a) be a fts’s, and f : (X, T) > (Y, 7) be a function. 
Then f is called 


(1) rarely fuzzy regular continuous [14] if for each u € IY, where o(u) > r, r € Ip, there 
exists an r-fuzzy rare set’ € IY with w+ O,(d,r) > 1 and ar-fro set p € I* such that 


f(p) < pV 2. 
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(2) rarely fuzzy regular semi continuous if for each  € IX, where a(u) > 7, r € Ip, there 
exists an r-fuzzy rare set \ € IY with w+C,(A,r) > 1 and an r-frso set p € I*, such 
that f(p) < pV. 


Remark 3.1. 
(1) Every weakly continuous function is rarely continuous [1] but converse need not be true. 


(2) Every fuzzy regular continuous function is fuzzy regular semi continuous but converse need 


not be true. 


(3) Every rarely fuzzy regular continuous function is rarely fuzzy regular semi continuous but 


converse need not be true. 


(4) Every fuzzy regular semi continuous function is rarely fuzzy regular semi continuous but 


converse need not be true. 


(5) Every rarely fuzzy regular continuous function is rarely continuous but converse need not 


be true. 


From the above definition and remarks it is not difficult to conclude that the following 
diagram of implications is true. 


weakly continuous —— rarely continuous ~<q—rarely frcontinuous 


Y 


ft-continuous 9——frs-continuous —— rarely frs-continuous 
Diagram - I 


Example 3.1. Let X = {a,b,c} =Y, p,d6 €I*,X EI” withr € Ip are defined as \(a) = 
0.5, A(b) = 0.5, A(c) = 0.6; pu(a) = 0.4, w(b) = 0.5, u(c) = 0.6; d(a) = 0.4, 6(b) = 0.5, d(c) = 0.4. 
We define smooth topologies T,0 : IX + I as follows: 


1 if € {0,1}, ee 
fs ee i 421015 
1 ifA=up, 

T(A) = ; - ‘ o(A)=42 ifrA=2, 
1 ifrA=6, 
. 0 otherwise. 
0 otherwise. 


Forr = a then the function f is fuzzy regular semi continuous but not fuzzy regular continuous. 
Since the fuzzy set \ is r-fo set in Y, f—+(A) is r-frso set, because there exists a r-fro set 1 € I* 
such that u<XA<C,(p,7r). But X is not r-fro set. 

Example 3.2. Let X = {a,b,c} = Y. Define uw, 6 € IX, \1 € IY as follows: p(a) = 
0.4, u(b) = 0.5, p(c) = 0.6; d(a) = 0.4, 6(b) = 0.5, O(c) = 0.4; Ar (a) = 0.8, A1(b) = 0.6, Ai(c) = 
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0.8. Define the fuzzy topologies Tr, 0: IX — I as follows: 


1 wfA=0 orl, ee 
1 ifA=0 orl, 
5 Wf A=H, i 
rayeq? | o()=48 ifA=d, 
5 af Xr = é, ; 
0 otherwise. 
0 otherwise, 


Letr =1/2. Let f : (X,7) — (Y,c) be defined by f(a) =a, f(b) =b, f(c) =c andr, € IY with 
a(A1) > 1, A2 € IY be an 1/2-fuzzy rare set defined by \2(a) = 0.6, A2(b) = 0.8, Az(c) = 0.8 
and ar-frso set \ € I* is defined by (a) = 0.5, \(b) = 0.5, A(c) = 0.6, f(A) = (0.5, 0.5, 0.6) < 
Ai V Ag = (0.8, 0.8, 0.8). Then f is rarely fuzzy regular semi continuous but not rarely fuzzy 
regular continuous, because \ € I* is not r-fro set. 

Example 3.3. In Example 8.2, f is fuzzy rarely continuous but not rarely fuzzy regular 
continuous. Since \y € IY with o(A,) > 1r, Ax € IY be an 1/2-fuzzy rare set defined by 
A2(a) = 0.6, Ag(b) = 0.8, A2(c) = 0.8 and ar-fo set uw with T(w) >r, f(u) = (0.4, 0.5, 0.6) < 
Ai V XA2 = (0.8, 0.8, 0.8) and also r-fo set 6 with T(6) > r, f(d) = (0.4, 0.5, 0.4) < Ar V Ag = 
(0.8, 0.8, 0.8). 

Example 3.4. In Example 3.2, f is rarely fuzzy regular semi continuous but not fuzzy 
regular semi continuous. Since \y € IY with o(\1) > r, there exist a r-fro set 1p € I* such that 
w<orA £C,(u,7), f7*(A1) ts not r-fuzzy regular semiopen set in X. 

Definition 3.2. Let (X, 7) and (Y, a) be a fts’s, and f : (X, T) > (Y, 7) be a function. 
Then f is called weakly fuzzy regular semi continuous if for each r-frso set uw € IX, r € Ip, 
fu) < E-F\(Colusn)), 0). 

Definition 3.3. A fis (X,7) is said to be fuzzy RST,/2-space if every r-frso set X € 
I*, r € Ip is r-fro set. 

Theorem 3.1. Let (X, 7) and (Y, oc) be any two fuzzy topological spaces. If f : (X, T) > 
(Y, o) is both fuzzy regular semi open, fuzzy regular semi irresolute and (X, 7) is fuzzy RST 2 


space, then it is weakly fuzzy regular semi continuous. 


Proof. Let X € I*,r € Ip with T(\) < r. Since f is fuzzy regular semi open f(A) € I” 
is r-frso. Also, since f is fuzzy regular semi irresolute, f~'(f(A)) € I* is r-frso set. Since 
(X, 7) is fuzzy RST,/2 space, every r-frso set is r-fro set and also every r-fro set is r-fo set, 
now, T(f—!(f(A))) > r. Consider f—1(f(A)) < f71(Co(f (A), r)) from which I, (f-1(f(A)), 7) < 


L(f~*(Co(f(A),7)), 7). Since 7(F~"(F(A))) 2 7, FFA) S Le (F-*(Co(F),7)), 7). Thus f 


is weakly fuzzy regular semi continuous. 














Definition 3.4. Let (X,r) be a fts. A FRS-open cover of (X,7T) is the collection 
{\; €I*, rj is r-frso, i € J} such that Vieg Mi = I. 

Definition 3.5. A fts (X,T) is said to be FRS-compact space if every FRS-open cover 
of (X,7) has a finite sub cover. 

Definition 3.6. A fts (X,7) is said to be rarely FRS-almost compact if every F RS-open 
cover {\; € IX, 2; is r-frso, i € J} of (X,r7), there exists a finite subset Jo of J such that 
Vies NV pi = 1 where p; € I* are r-fuzzy rare sets. 


84 


Vol. 13 On rarely fuzzy regular semi continuous functions in fuzzy topological spaces 85 





Theorem 3.2. Let (X, T) and (Y, o) be any two fts’s, r € Ip and f : (X, T) > (Y, o) 
be rarely fuzzy regular semi continuous. If (X, 7) is FRS-compact then (Y, o) is rarely FRS- 


almost compact. 


Proof. Let {\; € IY, i € J} be FRS-open cover of (Y,c). Then IT = ViezA;. Since f 
is rarely fuzzy regular semi continuous, there exists an r-fuzzy rare sets p; € IY such that 
Ai + Co(pi,r) > I and an r-frso set 4; € I* such that f(u,) < 4 V pj. Since (X,T) is FRS- 
compact, every F'RS-open cover of (X,7) has a finite sub cover. Thus I < Viej,pi. Hence 
T= f(1) = f(Viesoui) = Vieto f (ui) < ViesoAi V pi. Therefore (Y,c) is rarely F RS-almost 


compact. 














Theorem 3.3. Let (X, T) and (Y, o) be any two fts’s, r € Ip and f : (X, T) > (Y, o) 
be rarely fuzzy regular continuous. If (X, 7) is FRS-compact then (Y, o) is rarely FRS-almost 


compact. 


Proof. Since every rarely fuzzy regular continuous function is rarely fuzzy regular semi contin- 











uous, then proof follows immediately from the Theorem 3.2.. 





Theorem 3.4. Let (X, 7), (Y, a) and (Z, ) be any fts’s, r € Ip. If f : (X, T) > (Y, @) 
be rarely fuzzy regular semi continuous, fuzzy regular semi open and g : (Y, 7) + (Z, 7) is fuzzy 


open and one-to-one, then go f : (X, T) > (Z, ) is rarely fuzzy regular semi continuous. 


Proof. Let \ € I* with r(\) > r. Since f is fuzzy regular semi open f(A) € IY with o(f(A)) > 
r. Since f is rarely fuzzy regular semi continuous, there exists an r-fuzzy rare set p € IY 
with f(A) + Co(p,r) > I and an r-frso set wp € I* such that f(u) < f(A) Vp. By the 
proposition 2.1., g(p) € I% is also an r-fuzzy rare set. Since p € IY is such that p < ¥ for all 
7 € I with o(y) > r, and g is injective, it follows that (go f)(A) + C,(g(p),r) > 1. Then 
(9° f)(u) = 9(f(H)) < 9(FOA) Vp) S 9(F)) V 92) < (9° f(A) V g(p). Hence the result. 














Theorem 3.5. Let (X, 7), (Y, a) and (Z, ) be any fts’s, r € Ip. If f : (X, 7) > (Y, o) 
be fuzzy regular semi open, onto andg: (Y, 7) > (Z, 7) be a function such that gof :(X, T) > 


(Z, ) is rarely fuzzy regular semi continuous, then g is rarely fuzzy regular semi continuous. 


Proof. Let \ € IX and w € IY be such that f(A) = pw. Let (go f)(A) = 7 € I7 with n(y) > r. 
Since (go f) is fuzzy regular semi continuous, there exists a rare set p € I7 with y+C,(p,r) > 1 
and an r-frso set 6 € I* such that (gof)(6) < yVp. Since f is fuzzy regular semi open, f(5) € I” 
is an r-frso set. Thus there exists a r-fuzzy rare set p € [7 with y+ C,,(p,r) > 1 and an r-frso 











set f(5) € IY such that g(f(5)) <7 Vp. Hence g is rarely fuzzy regular semi continuous. 





Theorem 3.6. Let (X, 7) and (Y, o) be any two fuzzy topological spaces, r € Ip. If 
f :(X, 7) + (Y, @) is rarely fuzzy regular semi continuous and (X, 7) is fuzzy RST 2-space, 


then f is rarely fr-continuous. 














Proof. The proof is trivial. 
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Definition 3.7. A fts (X,7) is said to be rarely FRS-T-space if for each pair \, 4 € I* 
with \ # pw there exist r-frso sets pi, po € I* with p, # pz and a r-fuzzy rare set y € I* with 
pi tC,(7,r) >IT and po +C,(y,7r) > 1 such that rX < pp Vy and w< po VY. 

Theorem 3.7. Let (X, 7) and (Y, o) be any two fuzzy topological spaces, r € Ip. If 
f : (X, 7) > (Y, @) is fuzzy regular semi open and injective and (X, T) is rarely FRS-To 
space, then (Y, a) is also a rarely FRS-T> space. 


Proof. X,  € I* with X ¥ pw. Since f is injective, f(A) 4 f(u). Since (X, 7) is rarely FRS- 
T-space, there exist r-frso sets pi, p2 € I* with p,; 4 p2 and a r-fuzzy rare set y € I* with 
pit Cr(y,r) > T and po + C,(7,r) > I such that A < pi Vy and pp < po Vy. Since f is 
fuzzy regular semi open, f(p1), f(p2) € I” are r-frso sets with f(p1) 4 f(p2). Since f is fuzzy 
regular semi open and one-to-one, f(y) is also an r-fuzzy rare set with f(p1)+C,(y,r) > 1 and 
f(p2) + Cal(y,r) > I such that f(A) < f(pi Vy) and f(u) < f(pi1 Vy). Thus (Y, o) is rarely 
F'RS-T>-space. 
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Abstract Let n > 1 be an integer. The integer d = [[}_, pr is called an exponential divisor 
of n = [Jj_, p;", if bs | a: for every i € 1,2,---,s. Let 7) (n) denote the exponential divisor 
function. In this paper, we will study the mean value of exponential divisor function over 


square-full numbers, that is 


SMP = I(r)? faln), 


n<ax n<x 
n is square—full 


where f2(n) is the characteristic function of square-full integers, i.e. 


1, n is square-full, 
f2(n) = 


0, otherwise. 


Keywords Dirichlet convolution; Asympototic formula; Exponential divisor function. 


81. Introduction 


Many scholars are interested in researching the divisor problem, and they have obtained a 
large number of good results. However, there are many problems hasn’t been solved. American- 
Romanian number theorist Florentin Smarandache [6] introduced hundreds of interesting se- 
quences and arithmetical functions. In 1991, he published a book named only problems, not solutions}, 
and one problem is that, a number n is called simple number if the product of its proper divisors 
is less than or equal to n. Generally speaking, n = p, or n = p”, or n = p®, or pq, where p and 
q are distinct primes. The properties of this simple number sequence hasn’t been studied yet. 
And other problems are introduced in this book, such as proper divisor products sequence and 
the largest exponent (of power p) which divides n, where p > 2 is an integer. 

In the definition of exponential divisor: suppose n > 1 is an integer, and n = i p,’. If 
d= I; p satisfies b; | a;,¢ = 1,2,---,t, then d is called an exponential divisor of n, notation 
d|-n. By convention 1 |. 1. 
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J.Wu [4] improved the above result got the following result: 


Seok (x) + Br? + O(x? log a), 


n<u 


where 





~ d(a d(a—-1 
aban i ) 
=i cS ~ d(a d(a—1 d(a — 2)+d(a—3 








a=5 a 
M.V.Subbarao [2] also proved for some positive integer r, 
Yr (ny ~ Are, 
n<ux 


where 





L.Toth [3] proved 
S- (7 (n))” = Ap(a) + 2? Pyro (log x) + O(a"'**), 
n<u 
artti4 
artty 
Similarly to the generalization of d,(n) from d(n), we define the function 1 (n): 


1 (n = TT (a), vers 


pi |ln 





where Pr_2(t) is a polynomial of degree 2" — 2 in t, u, = 


Obviously when k = 2, that is r{©)(n). 78) (n) is obviously a multiplicative function. In this 
paper we investigate the case k = 3, i.e. the properties of the function £9) (n). 

In this paper, we will study the asymptotic formula for the mean value of the function 
(7{° (n))? over square-full numbers. 


Theorem 1.1. We have the asymptotic formula 


» (74° (n))? = x? Rg(log x) + O(x js te =), 
n is eer 


where Rg(t) is a polynomial of degree 8 in t. 
Notation. Throughout this paper, ¢ always denotes a fixed but sufficiently small positive 
constant. 


§2. Some lemmas 


lemma 2.1. Let 


= II d3(a;), 


Py |ln 
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then we have 


S "(7 (n))? = ¢9(28)G(s), 


n<ux 





where the infinite series G(s) = Sx°°_, 2 is absolutely convergent for Rs > z 


n=1 ns 


Proof. By Euler’s product formula, we can get 





n=1 
n is square—full 





l| 


1 
3? 3? 6? 3? 
(1 28 | 3s | ie 5S -) 
Pp Pp Pp Pp 
9 9 
= (28) (1+ Seto 
= ¢°(2s)G(s), 


l| 








s 
5 


( d3(2)fo(p?) | d3(3) fo(p*) d3(4) fo(p*) Br) fo(p") 





where the infinite series G(s) := S<°2_, {© is absolutely convergent for Rs > z 





n=1 ns 


lemma2.2. Suppose k > 2 is an integer. Then 


k-1 
D(x) = ‘> dy(n) = oe c;(log x)? + O(a T*), 
n<a j=0 











where c; is a calculable constant, € is a sufficiently small positive constant, a, is the infimum 


of numbers az, such that 


Ax (2) = S- d;,(n) = vPx_1(log x) < gore 


n<ux 


and 
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lemma2.3. Let 
then we have 


where, the definition of ax is as above. 


Proof. Recall that 


by hyperbolic summation formula, we have 


D(2,8 =) d-+2 -+,23n) = b> dx(m) 


ik n<a ae oe me<a 


from lemma 2.2, we can get 


~ 
k 


D(2,-+-,2;n) = x? Py 1(log x) + O(a OReey 
—— 











where a, is as defined in lemma 2.2. 





lemma2.4. Suppose f(m),g(n) are arithmetical functions such that 


J 


S- f(m) =, (log x) + O(a es | g(n x’), 


m<xz j=l n<ux 


where a, > ag >++: > as >a>B>0,Pj(t) is a polynomial int, if h(n) = Yo, ma f(m)g(d), 
then 


J 
S- h(n) = ye x Q,; (log x) + O(a"), 


n<ax j=l 


where Q;(t) 7 =1,---,J is a polynomial in t. 


§3. Proof of Theorem 1.1 


Proof. From lemma 2.1, we have G(s) = S>°~ ) is absolutely convergent for kts > 3, and 





n=1 né® 
then 
S- | g(n) |< at, 
n<ux 
Let a 
F(s) = ¢9(28) 
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where 


From lemma 2.3, we have 


f(n) = D0 d(2,--,2;n) = 2? Qs(logx) + O(aP***), 
x »u ae : 


where Qg(log x) is a polynomial in loga of degree 8, ax is defined in lemma 2.2. From 


lemma 2.1, we have 


(76 (n))? foln) = S> f(m)g(). 


n=ml 











From lemma 2.4, we complete the proof of Theorem 1.1. 
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Abstract We study the resonance phenomenon between divisor function and exponential 


functions of the form e(an®), where 0 4 a € Rand 0 < 6 < 1. An asymptotic formula is 


established for the nonlinear exponential sum 


S> d(n)e(an*) 


nvwX 
n=l mod q 


when 8 = 3 and |a| is close to 2VE ik EZt. 
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81. Introduction and main results 


Let d(n) denote the number of divisors of n. The properties of divisor function d(n) attract 
many researchers’ interest, and they have got many generalization of the divisor problem ( for 
example, see [3], [4]). However, there are many problems hasn’t been solved. For example, 
F.Smarandache gave some unsolved problems in his book only problems, not solutions! ( see 
[5]). Here we focus our attention on the resonance between divisor function and exponential 
functions. 

In 1916, Hardy [6] studied the sum 


and showed that, if t ~ Arg'/? for any positive integer q, then 
S(X,t) = o( X*) 
and, if t = 4mq'/? for some integer q, then 


2(1 + 1)d(q) 
cr a 


S(X,t) = X4 + 0(X*) 


as X — oo. The above result can be seen as the resonance phenomenon between divisor function 
and exponential functions. Recently, Sun and Wu [14] considered a similar problem and proved 
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when |a|BX? < vx , then 


> d(n)e(an®) « (ja|BX*)—!X log X, 


and when |a|@X° > vx , then 


T alnye « [26 — 1-2 (alBx?)**, if BAS, 
AE = Kegi(a,q)X *d(q)q7*# +O (Ialbx dts + jol-1xa+") goat Bae 
where Ka,q = 1 or 0 according to if there exists a positive integer q satisfying 
llel -2Val < X72, 1<|al< VX, 

and 

n(o, 4) = Le sen(oyt | nee (sen(a) (la — 2/4) VuX) du 
In 1973, Sabur6é Uchiyama [16] re the sum 

U(a,X)=U(a,X,q)= Sin td(nje(avn) (a > 0), 


1<n<X 
n=l( mod q) 


where q and / are integers with gq > 1,0 <1 < q, and showed that, ifa # awk for any integer 
k, then 
U(a, X) = O(log X), 


and ifa= 2vE for some integer k, then 


2(1 — otk qt) 


U(a, X 
(a,X) = ak 


Xa + O(log X), 


AIR 


provided that a > 4q°, where 


o(k;q,l) = S ~ misa) 
(k; 4,1) y (< q 
and S(m,n;q) denotes the Kloosterman sum. 

Motivated by the above results, we study the resonance phenomenon between divisor func- 
tion and exponential functions over arithmetic progressions. To do this, using a different method 
we establish an asymptotic formula when 6 = $ and |a| is close to 2vk k € Z*, and obtain 
a new result when 8 4 5. Our main instruments are Voronoi formula, the estimation of ex- 
ponential sums and the weighted stationary phase. Due to the orthogonality of the additive 
characters, we can obtain the Kloosterman sum after applying the Voronoi summation formula, 
which let us can use Weil’s bound to get the saving in the q-aspect.Our result is the following 
theorem. 

Theorem 1.1. Suppose X >1,0<8B<land0O #aeER. Suppose also l,q € N and 
reqs X72. 

(i) For |a|BX® < vx, one has 


S- d(n )« gt (\a|axX*)~* X log X. 


nwxX 
n=l mod q 
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(ii) For |a|8X° > XX and B 4} 5, one has 


- d(n ) « q?t*|26 — 1)-? (lalBx8) 7°. 
nvwxX 
n=l mod q 


wt) For |a X8 > YX and B=1,5 al <4 or lal > one has 
2q 2 q q 


d Anje(an®) « (glal) EX #**, 
nvx 
n=l mod q 
if 7 < jal < vx one has 
aaa 
d(n)e(an®) = = = STE (a, nz )k k72X4d(ng)S(—L, —n;k)n;, 4 
ge Tela 


+0 ((glal)stex4**), 


where 





Pai 6 feeolt +9 wee (sen(a) (Ia e “| vxu) ith 


—1, if a> 0, 
1 


I 


€a 
’ if ac 0, 


and 6, =1 or 0 according to whether there is a positive integer n, for k|q satisfying 


|k|o| — 2./mg| < X72 


or not. 


§2. Some lemmas 


To prove Theorem 1.1, we need quote some lemmas. First, we introduce some notations. 
Let the Kloosterman sum be defined as 


S(m,nze)= ST (=). 


Cc 
d mod c 


where the sum is extended over a reduced set of residues modulo c and d denotes the inverse 
of d modulo c. Then the famous Weil’s bound of Kloosterman sum gives 


|S(m,n;c)| < (m, n,c)2c?d(c). 


Let K, and Y, denote the standard K-Bessel function and Y-Bessel function, respectively. 
Then we have the following Voronoi formula (see [7]). 
Lemma 2.1. Suppose that 0 <a <b, (h,k) =1, f(x) € C'[a,b], Then 


k So aGitine (=) = G+ Yo dln (-) Gi4(n) + Yale (=) Gs(n), (2.1) 


a<n<b 


95 


96 Xuejiao Liu and Meimei Lv No. 1 





where G3, Ga(y) and Gs(y) are the following integral transforms: 


b 
G3 = ; (log x + 2y — 2logk) f(ax)dz, 


Guly) =—2n | ¥ (0) f(e)dx, 


Gs(y) =4 | ee (an) f(a)de, 


where Stone means that if a or b is an integer then the first or the last term in the sum 
(1.1) is halved, and y is Euler’s constant. 
We need the following lemma for asymptotic expansions of the Bessel functions (see [1]). 
Lemma 2.2. Suppose that z >0, Then 


Pace jeer {140 (2) }, (2.2) 


Yo(z) = 2 {sin (« =) = cos (2 7) +0}. (2.3) 


We also need the following result (see [15, Lemmas 4.3 and 4.5]). 

Lemma 2.3. Let G(x) and F(x) be real function in [a,b] with G(a)/F’(a) monotonic. 
Suppose that |G(a)| < M. 
(i) If F'(x) >u>0 or F’(x) < —u <0, then 





b 
/ G (a) e(F(ax))dit« = 


(ii) If F" (a) >v>0 or F"(a2) < -—u <0, then 


i ‘G@eknare 


§3. Proof of theorem 1.1 


In this section, we give the proof of Theorem 1.1. Using the formula of the Ramanujan 


sum 


3 ¥ (™)= q a|n, 


a=1 0 n 
la (o5e » 41% 


we obtain 


YS anje(an’) == "e(-Z) 3 atnye (4) e(an®). (3.1) 


pees k|q h mod k nwX 


n=l mod q 


where the 5>* means the summation is restricted by (h, k) = 1. 
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Let A > 1 and 0 < d(x) < 1 be a C™ function supported on [1,2], which is identically 
1 on [1 + A~1,2 — A~] and satisfies 6” (1) < A” for r < 0. Using the well-known bound 
Vince Un) K «log x, we have 


Se d(n)e (=) e (an?) = Yo tine (=) W(n) +0 & log) ; (3.2) 


nw xX 


where 


Applying Lemma 2.1 with f(n) = W(n)we have 


mY dle (=) W(n) =G3+ Yale (-) Ga(n) + : d(n)e (=) Gs(n), (3.3) 


where 


G3 =} (log + 2y — 2logk) W (a) dz, 
0 


Gay) = —20 [9 (2) w Gear, 


Gs(y) = ife Ko (=*) W (a) da. 








Now, we estimate the contributions from these three terms G3,G4(n) and G5(n) to (3.1), 
respectively. First, we estimate the contribution from the term Gg. Changing variables x = Xt 
and applying (i) in Lemma 2.3, we have 


2 
G3 = x | (log X + logt + 2y — 2logk) (tye (a(tXx)?) dt 
1 


log X 
|a|BX? 


= (|a|BX*)~* X log X. 


KX 





Thus the contribution from G3 to (3.1) is 


1 * hl\ 1 
ee -(-2) pO 
ola h mod k 
1 * hi\ 1 =i 3.4 
ks e(-F) _ (alex) X log X (3.4) 
k|q hmodk 
<q! (|alBX®)* X log X. 


Second, we estimate the contribution from the term G's(n). Using (2.2) in Lemma 2.2 with 
An /ry 
k 


z= — +, we have 


Ko (=e) = sate és (-==) {140 (k(ey)-4)}. 
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Inserting it into Gs(y), for y > 1 we obtain 
= Varty-? [ on3 etvey -\1a(2 3 
Gs(y) = V2k7y | x exp (- i ) {140 (Hen \ho(S)e(ax ) dx 
al TE: _ 1 4 ZY 
< ay | x 4 exp (- “2 dx 
x k 
myer 
k : 











< k2Xay-4 exp (- 


Applying the Weil’s bound of Kloosterman sum and using the well-known bound S>,,—,, d(n)? « 


na 
x log® x, we can derive that the contribution from G5(n) to (3.1) is 


EEE Ho 








1 “hq h mod k = 
="; ES ati) (—1,n; k) Gs(n) 
ar n=1 
< ADE SS ates (tink) AEX exp (-2) 
are n=1 
1 : AnJ/X 
<<a oar; Sh) )(l,n, k)? d(k k)kXin-4 exp (- : i "| (3.5) 
4 hla n=1 
= ~aeyx Xt YS (in, k)2d(n)n74 + O (X71) 
Pie n<k?2X—1te 


aL 
ae = ax xa S> |d(n)/? S> (nbn? | +0 (X71) 
4 hla n<k2X-1te n<k2.X-1+e 


<K q2te Xe. 


Last, we turn to estimate the contribution from the term G4(n). Using (2.3) in Lemma 2.2, we 


have : : 
1-2 1-1 


tz. - —4Zz iz pote i —5 
ai Jas (° omaal Tras + te )+0(2 r), 








Yo(z) => 





Inserting it into G4(y) with z = *¥, we get 
Cay) = es (xy)? (=) e(ax®) (« (a2) ie( “= dx 
eo) ip (zy) #6 (<=) e (ax) (« (a=) | ie( “v= dx 


LO (x [ (xy) 4 (=) a) 


Changing variable « = Xt”, we obtain 


Galy) = (+ akextyt [sho (i) e(ax"e?) ( (2S) ie( vee) t) a 
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C9 D yty-3 ia t-24(t?)e (aX 847?) (« (AH) ie( ae ) dt 


+40 (2K xian [tee it) 
0 


= Galy) +O (hE x-4y-4) 


























where 
1 1 2/X 2V/X 
Cay) =akixtyt (R ( 7 #) iP, ( ; “)) 
(3.6) 
egies (P- (A) +4P_ (-2**)). 
with i 
aq=1+%, a= — 
and 
Py(w) = i. t+2d (t?) e (aX? + wt) dt. (3.7) 
0 
The contribution from O-term to (3.1) is 
1 * hl 1 <= nh 5 exh. 2 368 
o> > e(-F) game (=) k2X~4n 4 
k|q h mod k n=1 
iene ee re ee (3.8) 
~ g2ig  OOCENEE X7in74 
q n= 


< gitex ate, 


The integral P;(w) defined in (3.7) has been studied by Ren and Ye [13] and Sun and Wu [14]. 
Here, we just briefly recall their estimates. Due to the differences in parameters, we shall choose 





them carefully later to get the g-aspect saving. Let 
f(t) = aXF 47? + wt. 
Then we have 
fi) = 206XF PP 4 
= sen(a) (2la|BxPe?F-1 + sgn(a)sgn(w)|w|) , 
f(t) = 2a8(28 — 1)XF4?8-?, 


If aw > 0 or 
1 
aw <0 but |w| ¢ 51AlBX", AlalBx® : (3.9) 


then for all t € [1, V2], we have 


f'(t) > max{|a|BX*, |wl}, f(t) K |alBxX®. 
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Noting that ¢(u) is supported on [1,2], we have 








Ps(w) = [Oe e(oxre? + wt) dt 
(a) =f 


By partial integration we have, for w satisfying (3.9), 


I-1 
Ps(w) « = LSD (3.10) 
max {|a|B.X%, |w|} 











Let w = 4 2vXu Then |w| € [5|a|BX%, 4|a|8X°] means that y € Ec (\a|8k)* X28-1, 4 (lal Bk)? X26-1), 


For convenience, we write 
1 
is EF (lok)? X7°-7, 4 (ak)? x2] 
For y= n ¢ I, by (3.6) and (3.10), we have 
1 3 1, 3 1 3 
Galy) < (KE XY t+ kEXY FT) Ra(Xy,b), (3.11) 


where 
Al- 1 


Ca) 


Therefore the contribution from G'41(n) with n ¢ I to (3.1) is 


Ri(X,y, k) < 





, t=1,2. (3.12) 


E 
<< 


FD e(-F)exame(-F) eam 


k|q h mod k 
ee (3.13) 
« = So eS d(n)S(-l, 1; k)(k2 Xin-4 + 2X An-4)Ry(X,y, f). 
1 hla Rat 
Let Y = k?A?X~—!, Using (3.12) with 
»-J a omsy, 
2, n>, 
we get that (3.13) is 
a> YS a(n)|5(—1, 5 b)] (2X44 + EXAM) RX ANF 
q klq. n<Y 
1 1 
+= SoZ > an)S(-1, -n;h) (ki xin i ki xtn-*) AR?X1n7} (3.14) 
q k\q n>Y 
=: dy + de, 


For 41, we have 


ee : 
My = a2 oe S > d(n)S(-l, —n; k)(k?X4n-4 + kFX~ An) 
klq  n<Y 
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< “ah )kX4 S~ d(n) )(n,l,k)?n-4 





sa asY 
+= = oath k)k?X~* S~ d(n)(n,l,k)2n-4 
ankle ncy 


<K gz telat, 


d?(n) < xlog? x and the Weil’s bound for 
d(n)? ; 


n=1 nite 


where we have used the well-known bound >>), ey 





Kloosterman sum. Analogously, since the series )>~~ is convergent, so we obtain 


Do < gi teAate, 
Thus, the contribution of (3.14) is 
< q2teAate, (3.15) 


Now we can get our first conclusion. If |a|GX?° < vx then IN Z* =, by (3.3) — (3.5), (3.8) 
and (3.15), choosing 


A=q 3X3, 
we have 
Sdn ) « q2**(lal|BX°)-!X log X, (3.16) 
n=l mod q 
which proves (i) in Theorem 1.1. 
V2 44 





t#2¢ (t?) e(f(t)) dt < 1, and then inserting 
it into (3.1), we obtain the contribution of the second term in the right of (3.6) is 


ae “Ez +S" a(n) —n:k)|k2 Xin-4 
Daa koa (3.17) 
Lie p\ate 

K q?2t* (lalBx*)?. 


For y =n € I, noting the trivial estimate [; 


For the first term in the right of (3.6), we use (3.10) to bound the terms with aw > 0 and 
obtain 





Py Ga ues ( a) cs ie tO(P)e(fi(t)) dt + OCR (X,y,k)) 
where 
Ba a Ae (3.18) 
1 a<0O, 
and ee 
fall) = fale) = santa) (jalx%e? — 2 *He) (3.19) 


Since the contribution from the O-term is absorbed by (3.17), we only need to estimate 


ee 1 v2 1 
7 Lk AXED dln) S(-l,-nik)n4 f t2 O(t?)e (filt,n)) de. (3.20) 


klq nel 
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To estimate (3.20), we consider two cases according to 8 = $ or not. 
Case 1. If 8 4 5, we have 


1 (t) = sgn(a)|a|(28) (28 — 1) XP#?9-? > |a|B(28 -1)X", fort € [1, V2] 
By partial integration and (#1) in Lemma 2.3, we have 


i 
2 


v2 1 
[Boye filesmyat < (lala(28 -1)X°) 
Therefore (3.20) is 


< (la|B(26 — 1)X8)? ey k-3+©S “ d(n)|S(—1, —n; k)|n-2 
1 ‘kl nel (3.21) 


&K q?**|26 —1]7? (|a|Bx?)' 


o) 


which proves (iz) in Theorem 1.1. 
Case 2. If 6= s, let 


Hy =2"hla|X#, 1< 1S ro = [logy (hlalX?)] +1, 


and define 
A(H,) = {n : H,X7? < |kla| —2V/n| < 2H,xX~ 3}. 


Then it is easy to get that 
|A(H,)| < Hykla| X72. 


Furthermore for n € A(H,.), we have 


A@®| = 





2 
la| — i X? > Hk. 
Then using (i) in lemma 2.3, we obtain 


v2 Zz 
/ 3 (t2)e (fi(t)) dt < Heh, 
1 


that is 


i t2 H(t?)e (sen(a) (kla| — 2./n) VvXt) dt < H>'k. 
0 


Noting the trivial bound d(n) < n*, then in this case the contribution of (3.20) is 


a a owt a S> d(n)|S(-1,—n; k)|n-# 


Tila n€A(H,) 


ae 3.22 
<= goeext a (la|?k?)* 7 E3+*| A(H,)| 22) 


@ ila 


< g2teXate|ag|ate 





Let 


Ip = {n: |kla| — 2V/n| < x74}, 
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then it is easy to know that 
ol < kla|X~2. 


Now, the remaining work is to estimate 
ay 1 3 i ve 1 2 
€a— » k- 2X4 S° d(n)S (-l,—n;k) nt f t2 b(t? )e (fi(t,n)) dt. (3.23) 
q klq n€INIo : 
If ja] < a then Jp = 0. In this case, (3.23) vanishes. 
If |a| > vx, using the trivial bound d(n) < n*, the contribution of (3.23) is 
1 
— Sk 2X4 S- d(n)|S(—l, —n; k)|\n74 
qd 
klq |iela|-2/n|<x~2 
1 ak 
«=D E Xt ol (Mla?) 
klq 


K gf XAtelQlate, 


(3.24) 


we prove the first part of (ii) in Theorem 1.1. 
If < jal < XX, then there exists at most one integer n, which we write n = n x, satisfying 


|kla| — 2/n| < X73 
for every k|q. Therefore (3.20) becomes 


Teas ee 
cat > Suk # XE a(n) S(—L,—rask)ng tf t2.h(t?)e (fi(t, ng)) dt 
1 


klq 


1 2 1 ut 
2 case ar a k)ny, * | u fe (f (u?.ne)) 4 (3.25) 


+0 (kA TX 4dr) (re)~* 
1 1 oer 
= —S~e(a,ng) k~?X td(ng)S (—l, —ng; k) ny, * + O(), 
qd 
klq 


where 





Boi = Peat iE eee (sen(a) (Ia 2 “| vu) iu 


and 6, = 1 or 0 according to whether there is a positive integer nz or not. 
When 6 = 5 and << jal < vx, we note that gla| < VX. Recalling ay = 1+ and 
-1, a>QO, 


Eg = 


1 a<0, 


from (3.22) — (3.25), we can conclude that (3.20) is equal to 


1 1 4238 ca Dig = testes 
g 2a Elasma)k” 2X 4d(ny)5(—L —na3 ny * +O ((qlal)*** x), (3.26) 
klq 


which proves the second part of (éi¢) in Theorem 1.1. 
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YAF(n)o?(n)o"(n) = aH Pa(log e) + O(a?t+ H+), 

n<ax 
where b,c € R. 
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81. Introduction 


Throughout this paper, let k > 1 be an even integer, and H; be the set of all normalized 
Hecke primitive eigencuspform of weight k for the full modular group SL2(Z). Each f € Hi 
has a Fourier expansion at the cusp oo 

f(z) = Do As(n)nF erinz, 
n>1 
Here A,/(n) is the eigenvalue of normalized Hecke operator T,,. Then A/(n) is real and satisfies 


the multiplicative property. For any integers m > 1 and n > 1, we have 


Ap(m)Ay(n) = YD dy (FF). 
) 


d|(m,n 
It is worth mentioning that the Fourier coefficients are very meaningful subject. In 1974, 


Deligne [2] proved the Ramanujan-Peterson conjecture 
|Ar(m)| < d(n), 


where d(n) is the Dirichlet divisor function. 
The Hecke L-function of f € H; is defined: 





L(f,s) = S- aa) Re(s) > 1. 


n 
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Rankin [7] proved that 
So A(n) K 2 (logx)~?, 


n<x 


where 0 < 6 < 0.06. 
In this paper we estimate the sum of )> AF (n)o?(n)o*(n), where o(n) is sum of divisor 
n<ax 


function, ¢(n) is Euler’s totient function and b, cé€R. We establish the following result. 


Theorem 1. Let b,c € R, then for any « > 0, 


S(x) = ys: AF (n)o” (n)o*(n) = g°t¢+! Pp (log x) + O (xrtet 8ite) ; 


n<ux 


where P,(t) is a polynomial in t of degree 4 and O-constant depends on f. 


§2.Preliminaries 


This section is devoted to give some preliminary results for the proof of Theorem 1. 
Lemma 2.1. For any « > 0, $ <o <1, and |t| > 2, we have 

Clo + it) Ke (1+ | t marta -9),0} 

L(symi fo + it) <pe (1+ | ¢ [mart G-9).0}, 
max{ GUE) (1—a),0} 


L(sym! f x sym‘ f,o + it) <p. (1+ | t]) 


where L (sym Ts s) is the symmetric power L-function, and L (sym f x sym'f, s) is the Rankin- 
Selberg L-function. 














Proof. See [1] and chapter 5 of the literature [4], respectively. 


Lemma 2.2. For i,j = 1,2,3,4, and for anye > 0, T > To (where To is sufficiently 


large ), we have the estimate 


[ 
T 


sci 
L ( sym’ f x sym’ f,5 + e+ it) 


2 y 
dt <fie (het 





Pe | 
L(symif.5 +e +it) 





2 


+1) (+1) 
Cay eS 


2T 
I 


Proof. For the proof of Lemma 2.2, we can see section 1 of [6], respectively. 




















Lemma 2.3. Suppose F(s) = >> “2 converges absolutely for ¢ > 1 and a(n) < A(n), 


n=1 





co 
where A(n) is monotonically increasing and 
n 





ata} =O (sr) witha >Oasa— 1. If 


b>landt=N+ 5 withNEN, then for T > 2, 


S> a(n) = af. Poke +O (ZW =) (aeoees)). 


n<ux 
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Proof. The proof of the Lemma is given in section 1.2.1 of [5]. 








Lemma 2.4. Let f © Hy and X7(n) denote its n-th normalized Fourier coefficient. Define 


FG) = So OPO) _ gy eyes), 


n> 





n=1 


then F(s) can be decomposed into 


F(s) = L(sym*f x sym? f, s—b—c)L*(sym*f, s — b— c)L® (sym? f, s —b —c)C°(s —b—c)H(s), 





where H(s) is analytic and bounded for Re(s) > b+¢+ 3. 


Co AG (n)o?(n) Go (n) . ner : é 
Proof. F(s) = >- Arinjo ("0") is the Dirichlet series of rN (n)o?(n)$°(n). Each of A¢(n), a(n) 


Aa 
n=1 
and ¢(n) satisfies the multiplicative property, thus NY (n)o?(n)¢°(n) is multiplicative. Hence 
we can write f(s) as a product over primes F(s) = |] fp(s). 
P 


Therefore we obtain 








Ay (p")o? (P*)6°(P") 
fp(s) ro > pks 
= 4 MPO) APP) EHO) 
ps ' ps ' 


Referring to Deligne [6], for arbitrary prime p, we can write a,(p) and 6(p) for 


As (p) = af (p) + Be (Dp), lo¢(p)| = af (p)8¢(p) = 1. 


For j > 1, we have 
































m=0 
Then, 
ai (p)—B3()\° 2 a ye 
Bey = ae) + Bs(p))” (p+1)'(p= 1) | (So-"5) (p? +P +1)"(P? —p)e 
‘ p° ps T 
14 (ar) + BrP) @ + Hp = 1) 
p* 
: (23(0) + ay(P)5y(0) + 620) (+P + IMP? =P) 
ps f.e 
7 t (a.p(p) + Bp(p))” N 1 : 1 . b+c—a0-1 2(b+c—o) 
ae poe (1 -) (1 -) +0(p +p 3 
Therefore, 
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F(s)= 
( ) pe—b—e 


«(oo 3) voter) 


4 2 2 4 
=L(sym!f x sym? f,s—b- 0) TJ (1 | 4a't(p) + 120% (p) — 1232(p) + 464(p) 
Pp 


ae) re) 


=L(sym*f x sym? f,s —b—c)L*(sym*f,s — b— c)L* (sym? f,s — b —c) 


x]] (+ 2 (1 ) (1 LY 4.0 (1042) 
: Pp Pp Pp 


=L(sym*f x sym? f,s — b—c)L*(sym*f,s — b — c)L* (sym? f,s — b — c)¢?(s —b —c) 


AI ((++2) (-3)-2"™)) 


=L(sym*f x sym? f,s — b—c)L*(sym*f,s — b — c)L®(sym? f,s — b — c)¢?(s — b — c)H(s), 


I( SSA) st Bea We) M0 eA POE LET) OD) ATW) 
































where H(s) is absolutely convergent in Re (s) > b+ c+ 3. 


§3. Proof of Theorem 1 


Proof. We apply Lemma 2.3 to the sum S(a) = > AG(n)o?(n)$°(n), let f(r) = AF (n)o?(n) 6° (n). 


nN<x 


We know that f(n) < Bn*+¢+, and B is a real constant depending on ¢. Referring to Lemma 




















2.3, for Re (s) > b+ e+ 5, we have 
1 b+c+l+et+tiT © s lte B(2 b+c+e } 
Sie) = = fo) as+0( — =) ro(2 (22) “== 
270 Jototite—iT aa Rh 8 PaT ere T 
1 b+c+1+et+iT s b+c+l1+e 
ie gate L1(s —b—c)H(s)—ds + O (= i; (3.1) 
2ri b+e e-iT § T 

















where 





L1(s—b—c) = L(sym* fxsym? f, s—b—c)L4*(sym*f, s— b—c)L8 (sym? f,s—b—c)¢°(s —b—c), 


and T with 1 < JT < x is a parameter to be specified later. 
Our aim is to estimate the integral in (3.1). So we consider the closed contour I: 


1 
I=([b+c4+1+e-iT,b+c+1+e+iT7], H=[bte+1ltetiTjbtets teil, 
1 1 1 é ; 
Hl=|bte+ 5 t+etiljbt+e+s te—il], W=|bte+5+e-iT,bte+1t+e—il), 
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Let 
n= f tn(s—b- Hs) as, n= | L1(s —b—c)H(s) ds, 
I 8 II 2 
x xv 
n= | [1(s —b—c)H(s)—ds, n= | L1(s — b—c)H(s)—ds. 
TIT 2 IV ca 
By the residue theorem, we have 
1 1 . 1 
oe, 5a a [dal bis H (a) dees (iad) 
27% 27t Jp 8 271 
1 
a? t+! Py(log x) — =— (Io + Ig + lu), (3.2) 


207 


where P,(t) is the polynomial of degree 4 in t. 
For Ig and I4, according to Lemma 2.1, we get 




















+e b+eto 
Ig+I, < L + aT —d 
av he a Teetee “ 
l+e ed 
< cae Ly(0 + iT)—do 
ae T 
2 
l+e 
< re POPLS X44 3 x8413 x5)(1-o)te 2" 4, 
hte = 
b+c S81 v ig 
K «£ max JT 21 a5 
$t+e<o<l+e T 2 
gotetite 
ere ae (3.3) 


Fo 


T 
IBi< i 
1 

gotetZte 


1 1 
5 : bte+$t+e 
x +e+it) Ha(b+e+=+etit dt+abters 
¢ G ) al 2 \presiteral 


I3, using Lemmas 2.1-2.2 and the Cauchy inequality, we obtain 


far) 


1 1 1 
L (sum frou? 5 tet it) i (sum 5 tet it) Be (sume 5 tet it) 








T 
< ae | Iz (sym f x sym’ f, = stetit) L (sum fia stetit) 
1 
8 a, 1 . ee 1 b+ce+$+e 
x sym’ fra tetit ¢ ater pute 2 
5 
(5 tetit] 
a 1 1 
x i, L (sum poy, stetit) ie (sums stetit) L Le ae stovit) 


Ty 
‘w) 
< &£ 
305 


=2F 
< gPhetateg ar (3.4) 


ly 1 
Qe ng PFO aTE BigP ht oF loa PD tax ——- | thax 
iS SE ly NO eer 








1 


2 3 
i) 











5 1 1 
x i, ice (sums. ~+e+ i) Le (sums. ~+e+ it) 
ae 2 2 


bret ate 4 pbtets tep yy 
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According to (3.2)-(3.4), we have 


b+c+1+et+iT 
1 305 


14 (3)H(3)—ds=a"*+ Py (loge) +O( atte +=7#) +0 


gotetlt+e 
T 


Qmi b+c+1+e-—iT 
Taking T = 1052 , we get 
S(x) = x°*°t! Py (log x) + O (arter site) : 


This completes the proof of Theorem 1. 
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Abstract Let R(n) denote the number of representation of the natural number n by qua- 
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81. Introduction 
Fomenko [4] considered the problem on the distribution of integral points on 
Bite tay Suite + ue (k > 2), (1) 
described by the asymptotic formula for > rzZ(n), where x,y; € Z, 1 < i < k, n © Nt, and 


n<ux 
r~(n) denotes the number of representations of the natural number n as the sum of k squares 


of integer. Distribution of integral points on cones of the form (1) has a long history (see [4]). 
Fomenko [4] and Miller [10,11], by the Rankin-Selberg convolution method, that for k > 3 


S- ri(n) = c#*-1 + A, (a), 
n<ux 


with a certain constant c = c(k) > 0 and A;(a) denotes the error term of this asymptotic 
formula, and the error term behaves as 


Ax (2) < (k-1) dees | 
Fomenko [5] improved the estimate for k = 4 


Aa(x) « x? (log x)3. 


In this paper we are interested in the representation number of n by quaternary quadratic 
form f(21,%2,13,%4) = 2] + 73 + 5(x3 + xj). We denote the number of representations of the 


natural number n by 


R(n) = R(n = f (x1, £2, £3, 24)). 
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We establish the following results. 
Theorem 1. For x > 2, we have 


a R(n) = T,? +O (x(log«)*) : 


n<ux 


Theorem 2. For x > 2, we have 
S- F?(n)=Ciz° +0 (x? (log x)*) , 
n<ux 


where C', is a constant. 


§2. Preliminaries 


In this section we will briefly recall some fundamental facts about holomorphic cusp forms 
and automorphic L-functions, and also give some lemmas which will be used in the proof of our 
results. 

Let N be a positive integer, and w be a primitive Dirichlet character modulo N. Denote 
by H;(N) the set of all normailzed Hecke primitive eigencuspforms of even integer weight k for 


the congruence modular group 


b 
To(N) = 8 (° | © Si2(2) s¢= Oomodn) p 


Cc 


where SL2(Z) denote the full modular group. 
For f € H;(N), it has the Fourier expansion at the cusp oo 


f(z) = las(nje(nz) (Sz >0), 


where e(z) := exp(27iz). By the work of Deligne [2] on the Ramanujan-Petersson Conjecture 
k-1 


laz(n)| <d(n)n =, n>], 


where d(n) is the divisor function. 
The Hecke L-function attached to f € H;(N) is defined for o = Rs > (k + 1)/2 by 


L(f, 8) = ag(n) 





According to [1], for any prime number p, we have 


ufo P+ Aa) =10-B) (0-3) 





where @p and 6, are two complex conjugates and satisfy ay +8, = af(p) and apB, = v(p)p*?. 


Lemma 2.1. Let y be a primitive character modulo q. 
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(i) For any e > 0, 
i ‘ max{}(1—c),0}+e 2 
(o +t, x) « (q(lt| + 1) (2) 


uniformly for 1/2<o0<1andt>1 withd«t. 
(ii) For T > 2, q>1, and |o — 1/2| < (200 log qT)“, 


fh 
|L(o + it, x)|4at < y(q)T (log qF)*, (3) 


x mod q 0 


ae 
where > denotes the sums of primitive characters, and p(n) is the Euler function. 
x mod q 











Proof. (i) was proved in Heath-Brown [7], and (ii) was proved in Pan and Pan [12]. 





Lemma 2.2. Let f € H,(N) and xy be a primitive character modulo q. For any € > 0, 


we have 


ie |L(sym? f ® x,0 + it)|?dt <},. (gp years (4) 
uniformly fork —1/2<o0<k andT > 1. Moreover, 
L(sym? f @x,0 + it) <pe (a(lt| + 1) heal Goa (5) 
uniformly fork -lte<o<kte. 


Proof. From Shimura [14] we learn that L(sym?f @ x, 8) satisfies a functional equation, so it 
is a general L-function introduced by Perelli [13]. Then from Theorem 4 in [13] we deduce 
the estimate (4). The convexity bound (5) can be obtained by standard arguments similar to 














Lemma 2.4 in Jiang and Lii [9]. 


k-1 


Now we study the distributions of af(n), a¢(n)a(n), and a;(n), where af(n) = Ap(n)n-= 
and a(n) = dod. 
d\n 


Lemma 2.3. For f © Hy(N) and x > 2, we have 








S- a(n) =O (“= (log ye : (6) 
Y ap (no(n) = O (w°F* (log z)-0 9), (7) 


where the O-constants depend on f. 
Proof. We know from Theorem 2 in Wu [18] that for f € H;,(N) and x > 2, 


Sp(2) = > Ap(n) = O (a5 (logz)-°*) , (8) 


n<ux 


where the O-constant depends on f. 
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By Abel’s partial summation formula and (8), we have 
2 a -1\/ _ 
oD af(n) = S;(a)a > -f S'r(u) (u'>") du =O (a= Cogn) ) 4 
n<u 7 
With the same method, it’s easy to get 


Se ar(n)n =O (ot (log ain) ‘ (9) 


n<ux 





By the Rankin-Selberg convolution method, Dirichlet convolution, and (9), we conclude 
that 





Y ap(n)o(n) = O (2*F* (log.x)-°"**), 


n<u 











where the O-constant depends on f. This completes the proof. 





Lemma 2.4. Let f © H,(N), for anye>0 and x > 2, we have 
S- a(n) = Cor* +O Cas ‘ 
n<ux 


where C2 is a constant and the O-constant depends on f. 


Proof. By the Rankin-Selberg convolution method in chapter 13 of [8], we have 
oe) —1 a _ 
S- a;(n) = Il 1 a%(p) 85 (p) 1 a;(p) (1 _ ee : 1_ B(p) 
= ns : pes ps ps ps 


_ Lsym? f,s)L(s +1—k,¥) 
~  L(Qs-+2—2k, p?) 














=> Ly (s), 


Clearly L~1(2s + 2 — 2k, 7?) is absolutely convergent and has free from zeros for Rs > (2k — 
1)/2 +e, L(sym?f,s)L(s+1-—k,w) has one simple pole at s = k in the whole s-plane. 
By Perron’s formula, we have 


do a(n) = tf ta) as-+0 (Wor) < (A@nlose), 


ne b-iT 





where T with 10 < T < & is a parameter to be specified later and a = 1, b = k+e, and 
A(n) = n*-1+*, Then we have 


1 ktetil es okt 
2 ay Nes ones 
Sain) = 55 | La(s)=ds +0 ( a i; 


n<a +e—-iT 





We move the line to #s = (2k — 1)/2 +e. By Cauchy’s residue theorem, we have 


d a4(n) = Res {rise} na 6 (=) 


n<ux 
2k-1 . 2k-1 : ‘ 
1 a te iT z te+iT k+e+iT xs 
om i, +f +f L,(s)—ds (10) 
TU \ Skte-iT 2k te-iT Phot betiT ° 


2 




















kte 
—t Gt +h+h+h+o (= ). 
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where C2 is a constant. 


For Iz, using (3) and (4), we have 


2k-1 1 


a begat ata! dye Fe x tepa 
Ig <<X2 +2 <x ; 








For the integrals over the horizontal segments, using (2) and (5), we have 





oOo 
4Alk _ ax xv 
h+B< max ee, tre (=r) < 
2k 1 be<o<kte by 





Combining (10)—(12), we have 


See! oft}0(§) 


n<u 





Taking T = vs, we obtain 
y- a;(n) = Cor* +O (ate) [ 
n<u 


The proof is complete. 


Finally, we give some facts about a(n). 
Lemma 2.5. Let n= pj"'ps? --- pr, we have 
_ ea {oS pee 1 — pert 
Tr 


1-p, 1— pe 1 — pr 





a(n) = 


Proof. This fact was proved in Tichmarsh [16]. 


Lemma 2.6. For x > 2, 


n<u 
And 
5¢(3 5 
x a )= ¢(3) > 40 (a*(loge)#). 
n<u 
Moreover 





S- o?(n) =" af x? +O («?(log x)$ S(t) ; 
lin 


where the O-constant is independent of x and t, 


Ai(n) = 5° oe A2(n) = 5° Pullin) = O(d(n) logn), 


q|n k|n 
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(13) 


(14) 


(15) 
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and for k | n 





atkn)= BS sw =TT (1+). 


m=1 
(m,n/k)=1 
where y(n) is the Euler function. 


Proof. These facts were proved in Walfisz [17] and Ramaiah and Suryanarayana [15], respec- 














tively. 


§3. Proof of Theorem 1 


Proof. Elstrodt, Grunewald and Mennicke [3] proved the following result: 


R(n) = ; (o1(n,4) +504 (=.4) + 2a(n)) 


where o1(a,k):= >° d, o1(a,k) =0 if a is not a natural number, a(n) is defined by 
d\a,ktd 


n? (2z)n? (102) ae ee Sz > 0. 


Note that 1?(2z)n?(10z) is the normalized cusp form of weight 2, and 7(z) is defined in the 
half-plane H = {z : Sz > 0} by the equation 


=e(= 3) TI (1 — e(nz)) 


By virtue of 





S- d= Sod- S- d= o(n)~ko (5), 


d|n,ktd d\n d|n,k|d 


we obtain 





4 16 sn 20 /n 80 n 8 
R(n) = 30(n) — 59 (7) + 52 () -— xo (aq) + gee 
Now R(n) is divided into four cases. 
Case 1 if4{n,54n, 20fn, then 


R(n) = =o(n) + =a(n). (16) 





R(n) = ah) so (*) a(n). (17) 
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Case 4 if 4|n,5|n, 20| n, then 








n<ax na n<a n<a 
A|n 5|n 
80 ( n ) 8 
-— o +s ) a(n) 
3 Ee 20 3 = 
A\n,5|n 


=:5, —S2,4+ $3 — S4+ Ss. 


By (13), we have 








on ea 2 
S, = 3 2) igs +O (x(og 2) ) 
16 1? 2 2 
aes o(ki) = gee +O («(log x) *) 
kiSG 
20 ria 2 
$3 = = o(ke) = 2? +0 (x(og x)*) 
3 45 
koSe 
80 nr? 2 2 
Sa o(ks) = 75% +0 (2(log)*) 


n<ux 


Combining (20)—(25), we obtain 


S- R(n) = Ty? +O (x(og«)*) : 


n<u 


The proof of Theorem 1.1 is complete. 


84. Proof of Theorem 2 


Proof. From (16)—(20), it is easy to get 


a R?(n) == a o*(n) — = 7 a(n)o (=) + ~ Oe a(n)o (=) 


n<ux n<ux n<u n<u 
A|n 5|n 
640 n\ 64 256 ra /n 
-F YX ote (G) + F Lowa) + Yo? (5) 
nx n<ax n<x 
4|n,5|n A|n 
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(19) 


(20) 


(25) 
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640 n n 2560 n n 256 n 
396 a. °(5) (3) "9 Sy > (7) (35) 9 do (G)am 
A|n,5|n A|n,5|n A|n 
400 a(n 3200 n n\ , 320 n 
ty ee (s)- gL os) ola) + Leg) am 
5|n A|n,5|n 5|n (26) 
6400 a(n\ 1280 n ae 
by Oye a ey) ee 
n<x n<x n<x 
Aln,5|n Aln,5|n = 
=:96 —S7+ Sg — So + Sig + S11 — Si2 + S13 
— Sia t+ Sis — Sig + S17 + Sig — Sig + S20. 
By (14), we have 
1 4 
Se = . ae = 63) x +O (x? (log x)*) ; (27) 
2 1 
Sy = 0%) = MO a9 +0 (02 (loge)8), (28) 
9 27 
kaSF 
400 8¢(3 
S15 = > 6s) = S09 +0 (22(0g2)*) , (29) 
ks <= 
4 2 
6g a Sig BE) a6 (2?og2)?) (30) 
9 27 
ke < 36 
Using Lemma 2.5 and Lemma 2.6, we have 
12 12 
ge = o(njo (4) = = S> o(4*)o(4°~)0° (ker) 
n<u k7S qa 
A|n Atk7 ,a>1 
128 eee (31) 
= otarotae) | 0?) -— Sor) 
1<ax< les kr S ga koaS ga 
e A|kz 
= C322 +0 (x? (log )*) ; 
where C3 is a constant. 
Similarly, we have 
1 
Sg = > Lo (§) = Cie? £0 (x*(logx)*), (32) 
5|n 
4 
So = ~ 2s a(n)o (=) =C52°+0 (x(log.x)* ) ; (33) 
Aln,5|n 
ey eee So (5) o (=) = Cox? +O (x(log.x)* ) (34) 
9 ee 4 5 ; 
A|n,5|n 
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2560 
S13 = —— o(“)o(=) = Cra? +0 (x(logx)* ) , (35) 
9 os 4 20 
Aln,5|n 
3200 
Sig = —— o(=)o(=) = Cex? +0 (x(log.x)* ) : (36) 
9 ee 5 20 
Aln,5|n 
where C4, C5, Ce, C7, and Cg are constants. 
Choosing k = 2 in (7), we have 
64 
Si => » o(n)a(n) = O (a # (log)-° 8°) , (37) 
256 
2025 Le (3) a(n) =O («* (logn)-0 18) , (38) 
n<ux 
A|n 
320 
Si7= 5 27 (5) a(n) =O (x (log.a)-°- 8°) , (39) 
5|n 
_ 1280 n = 1. —0.1185 
Sig = ara a ol (55) a(n) =O (« 5 (log x) ) : (40) 
A|n,5|n 
On taking k = 2 in Lemma 2.4, we have 
64 
Soo = — S a?(n) = Cox? +O (a#t*) (41) 
9 n<u 


where Cy is a constant. 
We get from (26)—(41) that 


S- R?(n) = Cia? +O (x? (log x)*) , 


n<u 


where C; is a constant. The proof of Theorem 1.2 is complete. 
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Abstract Let n > 1 be an intrger, K°) (n) denote the maximal e-squarefree e-divisor of n. 
In this paper, we shall establish a short interval result for the function «‘° (n). 
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§1. Introduction and preliminaries 


Many scholars are interested in researching the divisor problem, and they have obtained a 
large number of good results. However, there are many problems hasn’t been solved. For exam- 
ple, F.Smarandache gave some unsolved problems in his book Only problems, Not solutions! 
[3], and one problem is that, a number n is called simple number if the product of its proper 
divisors is lass than or equal to n. Generally speaking, n = p,or n = p, or n = p®, or pq, where 
p and q are distinct primes. The properties of this simple number sequence hasn’t been studied 
yet. And other problems are introduced in this book, such as proper divisor products sequence 
and the largest exponent (of power p) which divides n, where p > 2 is an integer. 


s P s j 
Let n > 1 be an integer of canonical from n = [] p? . The integer d = [J p? is called an 
i=1 i=1 
exponential divisor of n if b;|a; for every 7 € {1,2---s}, notation: d|.n. By convention l|¢l. 
The integer n > 1 is called e-squarefree, if all exponents a,,---a; are squarefree. The 


integer 1 is also considered to be e-squarefree. Consider now the exponential squarefree expo- 


Ss P 
nential divisor (e-squarefree e-divisor) of n. Here d = [J p?’ is called an e-squarefree e-divisor of 
i=1 


s : 
n= II pe > 1, if bi ]a1---bs|as, b1---b, are squarefree. Note that the integer 1 is e-squarefree 
i=1 
but is not an e-divisor of n > 1. Let «°)(n) denote the maximal e-squarefree e-divisor of n. The 


function «‘°)(n) is called the maximal e-squarefree e-divisor function, which is multiplicative 


and if n = [| p* > 1, then (see[1]) 
i=l 


Ke) (nm) = ple) .. pear) 


r b) 
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where «°)(n) = [] p. The function «© (n) is multiplicative and «(°) (p*) = p*) for every prime 
pin 
power p*. Hence for every prime p, K°)(p) = p, °°) (p?) = p?, 6 (p3) = p3, 6) (p4) = p?--- 
Many authors have investigated the properties of the function «)(n), see [4] and [5]. 
Recently L. Téth [1] proved that the estimate 


1+«(a—1) 


ae (a) 5 
So x(n) = aIG 5 eee: a? + O(n '5(2)), 
p a=4 


pe 








n<u 


where 
6(x) = 64(2) := exp(—A(log x)3 (log lose), 


A is a positive constant. 
The aim of this short text is to study the short interval case and prove the following. 
Theorem If 75+?* <y <x, then 


a+ 
ye «°) (n) = aa | ” dt + O(yx-2) + O(x5*2°). 
a<n<aty 


Natation Through out this paper, € is always denotes a fixed but sufficiently small positive 
constant. 


§2. Proof of the theorem 


In order to prove our theorem, we need the following lemmas. 


Lemma 1. Suppose s is a complex number (Rs > 1), then 





—K)(n) _ ¢(s—1) 
2d ns = Casa 





co 
where the Dirichlet series G(s) = >> Wn) jg absolutely convergent for Rts > . 
n=1 


ns 


Proof. Here «‘°)(n) is multiplicative and by Euler product formula we have for (Rs > 1) that, 





























Sonu) -TJa Kp) | KO?) ROD?) KO) ROD) 
= ns : ps pes pes pss prs 
-TJa ae a le ae mE 

i ps ps ps pss pes 
1 
1 1 1 oa: 1 
= ]{G+ - ++ 
II ps 1 pes 2 ps 3 pts 4 pes 5 ) 
+_y, 1-4 
2 2 
=¢(s-H] Ta rar ae re Pets) 
Pp 
1 
¢(s— 1) h- jae 
= 14 t 
¢(4s — 4) II pis-2 * pes ) 
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coe 
- Gig=a) ) 





co 
So we get G(s) = >> an) and by the properties of Dirichlet series, it is absolutely convergent 
n=1 














for kts > é. 


Lemma 2. 


you n= 50 2+ O(z). 


n<u 











Proof. This is easily from partial summation formula. 





Let f(n), h(n) be arithmetic functions defined by the following Dirichlet series (for ts > 1). 


f(n) 


ns 





Me 


= ¢(s — 1)G(s), (1) 


Il 
un 


nr 


ae 


Lemma 3. Let f(n) be an arithmetic function defined by (1), then we have 





~l(ds— 4), 


Yo f(n) *G(2) + O(e). 


n<u 


Proof. From Lemma 1 the infinite series > an) converges absolutely for Rs > &, it follows 


5 y] 
n=1 
that 


S- g(n) <1. 


n<ux 





Therefore from the definition of f(n) and Lemma 2, we obtain 


ZIM = Lee) 


Sot Raa +0(1) + 0(2) 
k<au 
1 
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Lemma 4. 





No. 1 
Let k > 2 be a fixed integer, 1 < y < x be large real numbers and 


B(a,y;k, 6) = a 1. 


a<nm®<at+y 
m>«* 
Then we have 





B(x, y; k, €) < yu © + 9p DEFT log a 


Proof. This Lemma is very important when studying the short interval distribution of |-free 
number, see [2]. 














Next we prove our Theorem. From Lemma 4 and the definition of f(n), h(n), we get 


h(n) = d_a(n)n* « n***, 
and 


KO(n) = SO f(k)A(m). 


n=km4 
So we have 


Q(x +y) — Q() = 


© sim =F 40(S), 
n<km4<at+y 
where 
d= DE An) f(k), 








meee ee chs Sy 
So= SS Iflk)a(m)). (3) 
2 a<nm* <a+y 
m>ax® 
In view of Lemma3, 
2) pore 
ST = ST Alen) (of tdt + O(1) +0 ( =)) 
ms J, m 
al Mae 
_ G(2) 


By Lemma 4, we have 


Si«k«e Yoo 
2 


a<km4<at+y 
2 
< at (yon + a3+*) 


<K yo? + 9t 2, 
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(5) 
Now from (2)-(5), we obtain 
SS «°) (n) = if a tdt + O(ya~?) + O(x5*2°). 
x<n<aty - 
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Abstract Let n > 1 be an integer, the function t‘)(n) denote the number of e-squarefree 


e-divisors of n. In this paper, we will study the mean value of t) (n) over cube-full numbers, 


that is 
-3 tn) = >t (n) fa(n) 


n<«x n<@ 


n is cube — full 
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§1. Introduction and preliminaries 


An integer n = p{'p5?---p%" is called k-full number if all the exponents a; > k, a2 > 
k, +++, Gp >k, when k = 3. n is called cube-full integers, i.e. 


1, nis cube-full , 
fs(n) = 


0, otherwise . 


Let n > 1 be an integer of canonical form n = p{"p$? ---p%". The integer d = p?! p)? - - «por 
is called an exponential divisor (e-divisor) of n, if b;|a; for every i € 1, 2, --- , r. The integer 
n > 1 is called exponentially squarefree (e-squarefree) if all the exponents a1, dz, --- , Gd, are 
squarefree. The integer 1 is also considered to be e-squarefree. 

Many scholars are interested in researching the divisor problem and have obtained a large 
number of good results. But there are many problems hasn’t been solved. For example, 
F.Smarandache gave some unsolved problems in his book Only problems, Not solutions! [5], 
and one problem is that the integer d = p pe ---pr is called an e-squarefree e-divisor of 
n= pi'ps?-:-per > 1, if bilai, --- , bla, and b;, --- , b, are squarefree. Note that the integer 
1 is e-squarefree and it is not an e-divisor of n > 1. There is the exponential analogues of the 


functions representing the number of squarefree divisors of n (i.e. O(n) = 2%(™, where w(n) = 
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r). Let 
© (n) = 200%)... gular) 


where n = p{'p$?--- pt > 1. The function t)(n) is multiplicative and t)(p%) = 2% for 
every prime power p*. Here for every prime p, t\)(p) = 1, t©(p?) = t©(p3) = t© (pt) = 
£9) (p>) = 4) (p") = 2, £0) (p*) = 4, 

L.T6th [2] proved the following results: 
(1) The Dirichlet series of t{(n) is of form 


Le 


tO (n 





(s)¢(2s)V(s), Rs > 1, 





where V(s) = >> un) is absolutely convergent for Rs > +. 
n=1 
(2) 
1 1 
y ©) (n) = Ca + Cox? + O(x2t*) 


n<u 


for every ¢ > 0, where Ci, C2 are constants given by 


w(a) _ 9w(a—1) 
Peis zk z ). 














Pp 
QI: Fe ys (a) gu(a-1) = gu (a—2) 4 gu(a—3) 
a=4 PS 
(3) *n 
log t\* log 1 1 
lim sup Gere OEE = = log2. 
A366 logn 2 


The aim of this paper is to establish the following asymptotic formula for the mean value 
of the function t©)(n) over cube-full numbers. 
Theorem 1.1 We have the asymptotic formula 


S> tn) = #3 Qi a (loge) + #7 Qi 2(log x) + e?Q1,3(logx) + 2% + O(a) , 
n<e@ 


n is cube — full 


where Qi,4(t), k=1, 2, 3 are polynomials of degree 1 int, oo = FEBS = 0.151055839 - 


Natation Through out this paper, ¢ always denotes a fixed but sufficiently small positive 


constant. 


§2. Some Lemmas 


Lemma 2.1 Let f(m), g(n) are arithmetical functions such that 


J 


S> f(m) = So 2% P; (log x) + O(a®) , 


m<ax F=1 


127 


128 Rui Zhang and Li Ma No. 1 





Ye l9(n)| = O(@*) , 


nN<u 
where a, > ag > az >-:-ay > a > B > 0. Pj(t) are polynomials in t. If h(n) = 


dX f(m)g(d), then 


n=md 
J 
So h(n) = $5 2° Q; (log. x) + O(a) , 
n<u j=l 
where Q;(t) are polynomials int, (j =1,--- , J). 


Lemma 2.2 The Dirichlet series of t\(n) is of form 





()(n 
YE = e2(a0)¢2(49)62(55)C(6s)G(s), Rs > 1 


n is cube — full 


g(n) 


ns 


Ms 


where G(s) = 





is absolutely convergent for Rs > - 


n=1 


Proof. 





a t)(n) = s t)(n) fs (n) 


Tre. 


n is cube — full 

















te) tle) 2 2 tle) 3 3 tle) A A 
-T] (1 (P) fal) oP fal Niet fal ewes fal ) +) 
7 Pp Pp Pp Pp 
Srp Ge eee 
= II pes ; pss : ps ea 
p 
Ti (: gu (3) gu (4) gu(5) ) 
; ps ' pss ' ps ' 
2 2 2 
= 1 +s 
II ( ps prs ps ) 




















=s@o)]T ( = a +35 + ) 

=o TT (1 | a | oe | at ) 

= can TT (1+ sis + eet geet) 

=¢ soyto) TT (2 tata gt) 
=¢ 30}. *¢4oytss)T] (1+ ae “i ea | ) 
=¢ 85)4%(49)¢%60) T] (1 + a5- m ) 
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= ¢°(3s)¢7(48)¢7(5s)¢(6s)G(s) 





where G(s) = --) is absolutely convergent for Rs > 2, and 


Me 
35 
\| 
Sit 
ca 
| 
Sno 
+ 


Il 
ua 


n 


S- lg(n)| << ate | 


n<ax 














Lemma 2.3 Let $ <o<1, t>to > 2, we have 





C(o + it) Kt 3 logt. 














Proof. See E.C.Titchmarsh|4]. 


Lemma 2.4 Let $ <oa<l, define 











inset oe 
i eee Sr pa vn ee 
19 35 AL 
= a <a 
Cd esa ee 4 7 = 6 
on 2112 13 
= ates 
UNO? Beg Oteg* 60 
12408 3 5 
— i 
mo) = Fea7—aggdo’ 4 ~< 7° <6 
4324 5 7 
= <i 
mc) = T931 = 10dde? 6 8 
98 7 
eee ee © eg < 0.91591 
WO) 355? gees 
240 —9 
sit EEE 5 igi son ers aie: 
m(oc) een WS a 591<0< € 








Proof. See A. Ivié[3}]. 








Lemma 2.5 


y d(3, 3, 4, 4, 5,5, 6;n) = 23 Py (log x) + v4 P, »(log x) + x P, 3(log x) +28 +O(a™t*) 


n<u 
where op = ose = 0.151055839 ---, Py z(t), k =1, 2, 3 are polynomials of degree 1 in t. 


Proof. By perron’s formula, we have 


Pebe 


b+iT 13 


S(x) = S> 4(n)a(n) = = i 


n<ux 





(?(8s)¢?(As)C(55)¢(6s)"-ds + O() 


—iT 


129 


130 Rui Zhang and Li Ma No. 1 





where b = 3 +e, T =x°, cis a very large number of fixed numbers. z <0 < z: According 
to the residue theorem, we have 


S(x) = x3 P, (log x) + 24 Py (log x) +2 Py.3(logx) +26 + y+ Ip +13 +O0(1), 


ashe [ta yct(asyc*(6)6(65) as 


271 Jy_it 
pec! aerye a ae e.g 
a ee Cr a)e> Bs)" (58)c( s)— 8 


1 b+it s 


Is C?(88)¢?(4s)¢*(5s)¢(6s)—ds 


201 Joo tit 
Since a9 > 4 +6, (s =o +iT), and from Lemma 2.3, we have, 
gte 


h+b<«< i |C(30 + 3iT)|?|C(40 + 4iT)|?|C(50 + 5iT)|?|C(60 + 67T)|x°T~ do 


70 


é 7 q 3 gte 
<T! | | rf f rf 
a 4% a 2 4 


x |C(30 + 3iT)|?|C(40 + 4iT)|?|C(50 + 5iT)|?|C(60 + 627) |x? do 


1 
8 6 24-30) , 201-40) | 201-5) | (1-6) 
<T aa T 3s tos tos t's 2°do 


0 








Q 














1 1 
5 211-30) | 201-40) | 201-50) ou 4 20-3) | 2(1—40) 
4+T le T 3 te tS edo +T HE T 3s + 3 2°%do 
1 iL 
6 5 
1. 
i t+e 
ee 3 2(1—3¢c) — 3 
re ie af T 3 @&°do+T a x’ do 
1 ne 
4 3 


1 eee Hee '8 Pee on8 ee aia 
ery ota gt sper eta gay ete ge it pe Tt 


1 
=t+eqm—dte 
<K 3 TeT ; 


where 6 is very small normal number, 6 > e. 


T 
Ig" (: ~ | |C(30 + 3iT)|?|C(40 + 4iT)|?|C(50 + 5iT)|?|C (60 + ocryeat 
1 


According to the partial integral formula, we have 


T 
k= ih |C(30 + 3iT)|?|¢(40 + 4¢T)|?|C(50 + 5¢T)|?|C(60 + iT) |dt < TIT. 
af 





If p; > 0, (¢ = 1,2,3,4) are real number, and a poe a = 1, by Holder inequality, we 
have 


z mi T Pa T oe 
h< ( i |C(300 + veryPrat) ( i: \C(400 + syPrat) ( / |C(500 + seryPnat) 
1 1 1 
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1 


T Pa 
( Mi Ie(69 + vara) . 
d: 


So, we have to prove 


T 
| |C(309 + 3iT)|7P1dt «Tit , 
0 


T 
i |C(400 + 4iT)|?P2dt < T** , 
0 








T 
i \C(5a9 + 5iT)|?P28dt « TT , 
0 


dy 
| |C(609 + 6iT)|?4dt < T'T* . 
0 





Let BECe0) = 2p,, m(409) = 2p2, m(509) = 2p3, m(6o0) = pa, since rao) | ae 
= 1, and from Lemma 2.4, we have og = 22423878. — 0.151055839 - 























ml6o0) - malOa ) 166652796 
§3. Proof of Theorem 1.1 
Let 
¢?(38)¢7(48)¢7(5s)¢( , &s>1, 
67(B8)¢2(4)¢2 $a eee 
such that - 
f(n) = > d(3,3,4,4,5,5,6;m)g(d). (3.1) 


n=md 


From Lemma 2.5 and the definition of d(3,3,4,4,5,5,6;m), we get 
S- d(3, 3,4, 4,5,5,6;m) = x3 P, (log x) +24 P, (log x) +a5 P; (log x) +26 +O(42t*) , (3.2) 
m<u 
where P,.,(t), (k = 1,2,3) are polynomials of degree 1 in t. In addition, we have 
ee 
Se loa) = OGe™)s, (3.3) 
n<u 
Combining (3.1), (3.2) and (3.3), and applying Lemma 2.1, we have 
Y= Flr) = 23 Qra(log x) + x4 Qy 2(log.z) +2? Qi,3(logz) + x? + O(a) , (3.4) 
n<u 


where Qi.4(t), (k =1,2,3) are polynomials of degree 1 in t. 


From Lemma 2.2, we have 


(n)fs(n) = S~ d(3,3,4,4,5,5,6;m)g(d) = f(n). 


n=md 


Then we complete the proof of Theorem 1.1. 
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81. Introduction 


Automorphic forms and automorphic L-functions are important tools in modern number 
theory. Let S;,(I) be the space of holomorphic cusp forms of even integral weight k for the full 
modular group [ = SL(2, Z). Let f(z) be an eigenfunction of all the Hecke operators belonging 
to S;,(I). Then the Hecke eigenform f(z) has the following Fourier expansion at the cusp oo 


Fz) = Doane, 
n=1 


where we normalize f(z) such that a7(1) = 1. Instead of a(n), one often considers the normal- 


ized Fourier coefficient 


wa 


afn 
As(n) = a ; 





We know that A (mn) is real and satisfies the multiplicative property 


Ap(m)As(n) = So As cor 
) 


d|(m,n 


where m > 1 and n > 1 are any integers. 
The Fourier coefficients of cusp forms are interesting objects. In 1974, P. Deligne [3] proved 


the Ramanujan-Petersson conjecture 
|As(n) IS d(m), n>, 


where d(n) is the divisor function. 
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In 1990, Rankin [4] considered the sum of the Fourier coefficients of cusp forms, and proved 
that 


So Az(n) K x3 (logx)~, 


n<ux 


where 0 < 6 < 0.06. 
Rankin [5] and Selberg [6] studied the average behavior of 7 (1) over natural numbers and 


S- 7(n) =cx+Ofe (ae): 


n<ux 


showed that, for any « > 0 


Subsequently, Lii [8]- [9] further studied the higher moments of A¥(n), and proved that 


2 d} (1) =celogr+cat Oy; («#+) 





n<a 
S- AF (n) = «P4(log x) + Of, (c#**) 
n<ux 
x A (1) = x P,3(log x) + Ofe (« Hite) , 
na 


where P;(a) is a polynomial of degree i in x. 

In this paper, we will study asymptotics for double sums which involve the Fourier coeffi- 
cient of cusp forms. 

Theorem 1.1 Letk Ee N, then 


(i) for any Riemann integrable function f : [0,1] > R, the following equality holds 


1 a9 
lim. sprig DI (F) 6 AG )= [sow 


(ii) if w: [0,1] > R is Riemann integrable, v1 : [0,1] > [0,1],--- , vx : [0,1] > [0,1] are all 
continuous functions, with v1(1)---vp(1) £0, the following equality holds 


1 ij (log, (43) lOB GA): \ stands 
rea xP, (log x) Ze (4 m1 ( log, xt Uk log, 7 A$ (i)AF(Z) 


1 
= w(t vr-+ ++ Up) dt, 
0 


(iii) if vo : [0,1] — R is Riemann integrable, v1 : [0,1] > R,---,v~% : [0,1] > R are all 
continuous functions, with v1(1)---ug(1) £0, the following equality holds 


nie 


where P,(x) is a polynomial of degree 1 in x. 
Theorem 1.2 Letk Ee N, then 
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(i) for any Riemann integrable function f : [0,1] > R, the following equality holds 


; a 4 4 
lim. Steep sri +) ati Az p= [ fom 


(ii) if w: [0,1] > R is Riemann integrable, v1 : [0,1] > [0,1],--- , vx : [0,1] > [0,1] are all 
continuous functions, with v1(1)---ug(1) £0, the following equality holds 


. 1 a log, (77) log; (77) ae nae 
i ets ice) Se EeORNELD: 
jin = . (Zu ( pee) ay (FEZ) ) agony 


1 
=| w(t-vyr-+ ++ Up) dt, 
0 


(iii) if vo : [0,1] — R is Riemann integrable, v1 : [0,1] > R,---,v~% : [0,1] > R are all 
continuous functions, with v1(1)---vp(1) £0, the following equality holds 


oo (2) os (BED) (BED) agenagen 


=, (1) ---0%(1) i vo(t)dt, 


1 
lim —~— 
P00 «P3(log x) Ds 


1g <u 


where P3(x) is a polynomial of degree 8 in x. 
Theorem 1.3 Let k © N, then 


(i) for any Riemann integrable function f : [0,1] > R, the following equality holds 


1 ay e a = [10 


(ii) if w: [0,1] > R is Riemann integrable, v1 : [0,1] > [0,1],--- , vx : [0,1] > [0,1] are all 
continuous functions, with v1(1)---ug(1) £0, the following equality holds 


: 1 ij ( log, (ij) log, (J) 6/5) \6 (5 
Eee «Po (log x) Ds . (2 7 ( log, « mt log, x APOAPO) 


tg<u 


1 
a w(t-v,-++u,)dt, 
0 


(iii) if vg : [0,1] — R is Riemann integrable, vy : [0,1] > R,---,v, : [0,1] > R are all 
continuous functions, with v1(1)---ug(1) £0, the following equality holds 


1 ij log, (ij) OQ AT) \ 5 Bion kbps 
li ee Has 
p88 «Po (logz) My (2) fe ( logix — log,x AfOAz(Q) 


ig<u 








=ni(1)---04(0) f volt 


where P9(x) is a polynomial of degree 9 in x. 
Theorem 1.4 LetkeN, then 
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(i) for any Riemann integrable function f : [0,1] > R, the following equality holds 
im ao (2) aoa =f “pOat 
LOO xP>7(log x) eae x f f 0 : 


(ii) if w: [0,1] > R is Riemann integrable, v1 : [0,1] > [0,1],--- , vx : [0,1] > [0,1] are all 
continuous functions, with v1(1)---ug(1) £0, the following equality holds 


: 1 a log, (ij) log, (23) 8/5\\8/5 
Jim, FProea) S- w (4 V1 ( nae Vk ieee AG (DAPI) 


ij<u 
1 
=H w(t: vr +++ Up) dt, 
0 


(iii) if vo : [0,1] — R is Riemann integrable, v1 : [0,1] > R,---,v~% : [0,1] > R are all 
continuous functions, with v1(1)---ug(1) £0, the following equality holds 


1 aj log, (77) log. (#9) \ \8 7.) \8/, 
Pave «P27 (log x) yD me (2) ie ( log, x a log, x APA) 


WjSau 





Sync) | volt)adt, 


where P27(x) is a polynomial of degree 27 in x. 


§2.Preliminaries 


In this section, we are devoted to give some preliminary results for the proofs of Theorems. 

Lemma 2.1 Let h: (0,00) > R be a function, satisfying exists x9 > 0 with h(x) > 0 for 
allx > xo, and h is differentiable on (ao,co) and Jim utah =1. Letke N, A,BCWN and 
v:Ax B- (0,00) be such that its double summatory function is equivalent to h. Then 





(i) for any Riemann integrable function f : [0,1] > R the following equality holds 


in ey (2) ea “fb 


0 


(ii) if w: [0,1] > R is Riemann integrable, v1 : [0,1] > [0,1],--- , vx : [0,1] + [0,1] are all 
continuous functions, with v1(1)---vp(1) £0, the following equality holds 


, 1 1 log; (47) log, (23) - 
lin ew ESOL Vere 
pm Aa) yi w (20 ( log, 2 Uk log, 2 v(i, J) 
(i,j)EAXB 


1 
-| w(t-v,-++ vp, )dt, 
0 
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(iii) if vo : [0,1] — R is Riemann integrable, v1 : [0,1] > R,---,v~% : [0,1] > R are all 


continuous functions, with v1(1)---ug(1) £0, the following equality holds 


lm DL (ES) (GS) (a) ees 


1g<au 
(i,j)EAXB 


=v; (1)--- v(t) [ vo(t)dt. 

















Proof. Statements (i)-(iii) follow Corollary 2 in M. Banescu and D. Popa [1]. 


Lemma 2.2 The following evaluations hold 








» N3(i)d2(J) = #P, (log x) + O (x***) (2.1) 
» AF(i)AF(j) = #Pa (loge) +O (ai t*), (2.2) 
y AG(H)AG(J) = #Po(log.e) +O (a8 **), (2.3) 
> AS (i) \8 (7) = @ Por (log x) +O (xB +) (2.4) 


tg<u 
where P;(x) is a polynomial of degree i in x. 


Proof. By the hyperbola method of Dirichlet, we have 


; Ate fe 2 
do AHA =2 DO ROK (FZ) - FWA)’, (2.5) 
ij<a i<V@ 
where F(x) = )) A}(i) = ca + R(x) with R(x) = O (z?t*). According to Abel’s summation 
i<ax 
formula (see Apostol [10]), we have 


DviG i 
SE = fia[ D0 


= FEM [ (or+0 (wt) et 


t<ax 


=c+0(2-t*) +eloge+ e 0 (u-H*) au 


(2.6) 


Denote O (u- Ft) by f(u), we obtain 


i O (u- 5°) du = f. f(u)du = e, f(u)du — i. f(u)du. 


We learn that | f(w) |< cu75+®, and J? f(w)du is convergent. There exists a M > 0, such 


that is 
i) O (u- +9) du=M+O (a 8+) ; (2.7) 
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Further (2.6) gives 





jy. 
S- ae =clogr+ce+O (228) P 





t<ax 
We deduce 
dX ¥OF(G)= TO (+0 (2'*)) 
i<vi PO a : 
=cxr a 7) +O [ast S- wi (2.8) 
i<ve ee ae 


=cxr(logx)+cr+O (x#+*) + R(x), 





3 7 (4) 

where Ri(x) =O} rst© $0 
i<ye 

Using the Abel’s summation formula, we have 


r2(4 2 
THe = fvta( Ty 


i<a t<u 





Canes Pre: ie hat Oe re = 
=coet +00") +3 | (cu a= +O(u ')) du 


< ast’, 


Thus R,(x) =O (+ > 42) =O (x*), and (2.8) gives 


i<vz* 
> RF (=) =crlogr + O(z). (2.9) 
i< ve 
In addition 
(F(z)? =ce +O far) (2.10) 





From (2.9) and (2.10) , we obtain (2.1). Similarly, we get (2.2) - (2.4). 











§3. Proof of Theorems 


In this section, we only give the proof of Theorem 1.1. The proofs of remaining Theorems 
are similar to that of Theorem 1.1. In order to avoid repetition, we omit them. 


Proof. Let h(a) = xP; (logx), where P;(x) is a polynomial of degree 1 in x. Then there exists 
xo > 0 with h(x) > 0 for all x > xo, and h is differentiable on (2,00). Further 


h'(x) = P, (log x) +c, 


thus 
xh! (x) . «&Py(logr) +2 


=: 
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According to Lemma 2.2, the double summatory function of v(i, 7) = A;(i)A;(J) is equivalent 
to h, namely, 
De 5 (i) AF (J) ~«xP,(logxz), (x — ov). 


WjcSu 
i,jEN 
From Lemma 2.1, we get 


(i) for any Riemann integrable function f : [0,1] > R, the following equality holds 


1 a9 
lin egw Dt (SE 1) 4 (AFG ay FO) 


(ii) if w : [0,1] > R is Riemann integrable, v, : [0,1] — [0,1],--- ,v, : [0,1] > [0,1] are all 
continuous functions, with v)(1)---vz(1) 4 0, the following equality holds 


: 1 a log, (47) log), (77) 2/2) \2/4 
jim, FRED) Ss w (4 v1 ( be NE i5g a5 7 (A)AF(I) 


tg<u 


1 
=) w(t-vr-+++ Up) dt, 
0 


(iii) if vp : [0,1] > R is Riemann integrable, v; : [0,1] — R,--- ,vz : [0,1] > R are all 
continuous functions, with v)(1)---vz(1) 4 0, the following equality holds 


1 a log, (2j) logs. (23) \ ya.) 2/5 
a xP, (log x) yi (2) os ( log, x i log; x Nj (t)A5(I) 


=v, (1)-- una) f vo(t)dt. 








This completes the proof of Theorem 1.1. 











84. Applications of Theorems 


In this section we give the applications of theorems. 


Corollary For any function f : [0,1] > R such that t > tf(t) is Riemann integrable, 
the following equalities hold 

















LIG)WORD 
tim Soe of tee 
e400 2 ane am i: “f(a 
Je =f 
200 se ae | 7 ms i “tf(t)at 
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Proof. The statement follows from Corollary 7 (ii) in M. Banescu and D. Popa [2]. 
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$1. Definition and simple properties 

For any positive integer n, the famous Smarandache LCM function SLZ(n) is defined as 
the smallest positive integer k such that n | [1,2,--- ,k], where [1,2,--- ,&] denotes the least 
common multiple of 1,2,--- ,k. 

Some elementary properties of S'L(n) can be found in [20]. 

M. Le [12]. For any positive integer n, let S(n) be the Smarandache function. Every 


positive integer n satisfying 


can be expressed as 


n= 12 or n= pt ps? +++ pe"D, 
where p\,P2,°°* ,Pr,p are distinct primes and ay,Q2,::: ,Q, are positive integers satisfying 


p> pe i= 1,2,--- oe 
Q. Wu [26]. Conjecture. There is no any positive integer n > 2 such that 


1 
os SL(d) 


is an integer, where S- denotes the summation over all positive divisors of n. 
d\n 

1) Let n = pt*p5?---p& be the factorization of n into primes powers, where py < po < 
+++ < pr. Ifa, =1, then the conjecture is true. 

2) For any integer n > 1, if SL(n) is a prime, then the conjecture is true. 

3) Let p be a prime and a be any positive integer. If n = p, then the conjecture is true. 

4) If n is a square-free number (n > 1, and any prime p|n => p? { n), then the conjecture 
as true. 


142 X. Chen No. 1 





W. Zhu [42]. 1) For any integer n > 1, if 
‘ 1 
an SL(d) 


is an integer, where Se, denotes the summation over all positive divisors of n, then n is a 
d\n 
Square-full number (for any prime p, p|n => p? | n). 
2) For any odd number n > 1, if 


1 
2 SL(d) 


is an integer, where Se, denotes the summation over all positive divisors of n, then n is a 
d|n 
Cubic-full number (for any prime p, p|n => p® | n). 
3) For any integer n > 1 with (n,6) = 1, if 


1 
s SL(d) 


is an integer, where ye denotes the summation over all positive divisors of n, then n is a 5-full 
d\n 
number (for any prime p, p|n => p” | n). 


Conjecture. For any positive integer n, 
: 
dn SL(d) 


is an integer, where S- denotes the summation over all positive divisors of n, if and only if 
dln 
n= 1,36. 


L. Wu and S. Yang [25]. 1) Let p be a prime and n = 4p*. Then n = 36 if and only if 
3 1 
7 SL(d) 


is an integer, where S- denotes the summation over all positive divisors of n. 
d\n 
2) Let n = Ap} ps? --- per be the factorization of n into primes powers, where py < po < 


1 
-< pp. Ifr > 2 and py > 5, then De SL(d) is not an integer, where S- denotes the 
d|n d\n 


summation over all positive divisors of n. 
G. Feng [7]. 1) For any real number x > 1, we have the asymptotic formula 
ae) 


neN 
SL(n)<a 


d 


where N denotes the set of all positive integers. 
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2) For any real number x > 1, let r(x) denotes the number of all primes p < x, then we 








have the limite formula 
(2) 
neNn 
SL(n)<a 


L. Zhang, X. Zhao and J. Han [34]. Let p> 17 be a prime. Then 
SL(2?+1)>10p+1, SL(2?-1)>10p+1. 


§2. Mean values of the Smarandache LCM function 
Let k be any fixed positive integer. Then for any real number x > 1, we have 





X. Du [6]. 
the asymptotic formula 
2 2 2 2 
SL(n) = Aw? +e —— + 95 + + ORG +o( = ) 
Ds p} ‘Ing In? *in® Ink +? 





n<ux 
1 il : 
where A = — S- , and c; (t= 1,2,--- ,k) are computable constants. 
2 : p2—1 
Z. Lv [19]. 1) Let k > 2 be a fixed integer. Then for any real number x > 1, we have the 


asymptotic formula 





SL | nd Cx? O x 
ds ON aa ng Deiat tae) 


where c; (t = 2,3,--- ,k) are computable constants. 
2) For any real number x > 1, we have the asymptotic formula 





nr? x x? 
L = : ! : 
Dye (n) 12 Inz 2 (3-) 


For any real number x > 1, we have the asymptotic formula 


Y. Liu and J. Li [15]. 
S "In SL(n) =xlnr+O(za). 


n<u 
L. Cheng [5]. For any positive integer n, the arithmetical function Q(n) is defined as 
if n=1, 


= 0, 
a ) — n@1 y@2 ar 
Q1p1 +Q2po+-+-+arpr, if n>1 and n=py'ps?--- per. 


Let k > 2 be any fixed positive integer. For any real number x > 1, we have the asymptotic 


formula 





a eee 3 
Quaystoe ao . 
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where c; (= 1,2,--- ,k) are computable constants. 


Y. Zhao [39]. For any positive integer n, the arithmetical function Q(n) is defined as 
0, of n= 1, 

aipy + agp. +--+ arpr, if n>1 and n= pips? --- pe. 

Let k > 2 be any fixed positive integer. For any real x > 2 we have the asymptotic formula 


Y sum Hey? = 4.68) Bry SE +0( ee), 


n<u 





where C(s) is the Riemann zeta function and c; (i = 2,3,--- ,k) are computable constants. 
W. Lu and L. Gao [18]. For any positive integer n, the arithmetical function Q(n) is 
defined as 


0, of n=1, 
aipy + agp. +--+ arpr, if n>1 and n= plps?--- pe. 


Let k > 2 be any fixed positive integer. For any real x > 2 and 6 > 1 we have the asymptotic 











formula 
2641 k 2641 2p41 
o, B 2 26+1 gy 2 a x 2 
SL(n) -—Q = . . + O ; 
(8H) ~A))? = aA (FR). Par (4 ] 
where ¢(s) is the Riemann zeta function and c; (i = 2,3,--- ,k) are computable constants. 


X. Li [16]. 1) Let k be any fixed positive integer. For any real number x > 1, we have 


the asymptotic formula 





Gi x3 
P(n)SL(n) = 2° - “_+0 ; 
 Pinisio) =a" So +0 (Ser) 
where P(n) denotes the largest prime divisor of n, and cq; (¢ = 1,2,---,k) are computable 


constants. 


2) Let k be any fixed positive integer. For any real number x > 1, we have the asymptotic 





formula 
Fowenta) =a. 40(—2) 
eat eet In‘ ar In? ta} 
where p(n) denotes the smallest prime divisor of n, b; (¢ = 1,2,--- ,k) are computable constants 
1 
and by = =. 


Y. Xue [27]. Let P(n) denote the largest prime divisor of n, and let p(n) denote the 
smallest prime divisor of n. For any real number x > 1 and any positive integer k, we have the 


asymptotic formula 





n<a i=1 In 


Cy x? 
(Pin) ~vln))$4(n) = 6(8)-2° 0 +0 (SE), 
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1 
where C(s) is the Riemann zeta function, cy = =, Gj (t = 2,3,--+ ,k) are computable constants. 
J. Chen [4]. Let P(n) denote the largest prime divisor of n. For any real number x > 1, 


we have the asymptotic formula 


2  2¢ (8) 23 xe 
S> (SL(n) — P(n))? = ae ro( 3 ) 


oer ln* x 





where ¢(s) is the Riemann zeta function. 
L. Zhang and X. Zhao [33]. Let P(n) denote the largest prime divisor of n, and let 
k > 1 be any fixed positive integer. For any reala >1 and 8 > 1 we have 


2¢ (244) aa k Cx cee goo 
2 Gh) PO) = oxime th ro( 5 i: 








i (26 4 nz = Ine In* x 
where ¢(s) is the ns zeta function and c; (i = 2,3,--- ,k) are computable constants. 
G. Lu [17]. Let d(n =>; 1 denote the Dirichlet divisor function, and let k > 2 be any 
d\n 


fixed positive integer. For any real x > 2 we have the asymptotic formula 


2 


mw og é Cx? x? 
) L = . } ) : 
Ot) 36 Inz : ee (om -) 








ee =3 In'x 
where c; («= 1,2,--- ,k) are computable constants. 
J. Peng, J. Guo, B. Li and X. Tuo [22]. Let d(n =~ 1 denote the Dirichlet divisor 
d|n 
function, and let k > 2 be any fixed positive integer. For any real x > 1 we have the asymptotic 
formula 
a a ex? = 
d(n)SL(n) = —- “+0 
DAO sang ine (=a) 
where c; (t = 2,3,--- ,&) are computable constants. 
J. Fu and H. Liu [8]. Define o,(n) = ya a>. Let k > 2 be any fixed positive 


d\n 
integer. For any real x > 2 we have the asymptotic formula 








k 
C(a + 2) ¢ (2) got caer +2 gare 
a(n)SL(n) = ‘ 
a Peay) (2+a)Inz * » In‘ x In*t! x 
where ¢(s) is the Riemann zeta function and c; (i = 1,2,--- ,k) are computable constants. 
W. Huang [10]. For any positive integer n, define 
if n=1, 


0 
F(k,n) = 
a pe +agpk+-+-+ta,rpt, if n>1 and n= pop? - pt, 


Let N be any fixed natural number. For any real x > 1 we have the asymptotic formula 


k 2 k+l ci arly 
ys (SL (n) Z—. F(k,n)) =f S Ine + O ier) ; 
i=1 


n<u x 
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12 


where c; (t= 1,2,--- ,k) are computable constants and cy = —. 
Q. Zhao and L. Gao [36]. For any positive integer n, the prime factor sum function 


w(n) is defined as 


o) if n=1, 


1 OQ 


Pitpot-:::+pr, if n>1 and n=pf'ps?---pe. 


For any real x > 2 we have the asymptotic formula 


S¢ SL(n)w(n) = oe +O (5-) 


2 
ee ln* x 


1 1 
where D = 3 S- 3 is a computable constant. 


nSVe 
Q. Zhao, L. Gao and L. Ai [37]. For any positive integer n, the prime factor sum 


function W(n) is defined as 
’ if n= 1, 
Pitpot-:--+p,, if n>1 and n= pt ps?---per. 
For any real x > 2 we have the asymptotic formula 
2¢ (3) 2 5 Cr? a3 
=— 2 2 a f 
Ce) ea eerenereee PON Feri | 


a 
nx 1=2 In’ a 





where ¢(s) is the Riemann zeta function and c; (i = 2,3,--- ,k) are computable constants. 
M. Zhu [41]. Let k > 2 be any positive integer. For any real x > 1 we have the 


asymptotic formula 





¥ An)so(n) <2? > ! o( # ); 


Ink & 
nsx i=1 


1 
where c; (t = 1,2,3,--- ,k) are computable constants, c, = 3 and 


Inp, if n=p%, pis a prime, a> 1, 
AoA p, if p*, p p 


0, otherwise. 


B. Li, J. Guo and J. Peng [13]. Define a function SM(n) as follows: 


Ls of n=l, 
SM(n) = f 
4 OS 


max{ay1p1,Q2p2,°°: ,arpr}, if n>1 and n=pt'ps?---pe. 


Let k > 2 be any fixed positive integer. For any real x > 2 we have the asymptotic formula 


d (SL(n) - SM(n))? = =¢(5) apie tO (<tr), 


a 
n<a 1=2 Ina 
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where c; (t = 2,3,--- ,k) are computable constants and ¢(s) is the Riemann zeta function. 
Y. Yang and G. Ren [32]. Define a function SM(n) as follows: 


1, iff n=1, 
SM(n) = eee bs 
max{a1p1,Q2p2,:*: ,arpr}, if n>1 and n=pt'ps?---per. 


For any real number x we have the asymptotic formula 


2 2 5\ x2 ; x2 
¥ (SU(m) — sain)? = 2¢(3) o( i 


ach In* x 





where ¢(s) is the Riemann zeta function. 
X. Wang and L. Gao [24]. For any positive integer n, the famous pseudo-Smarandache 
function Z(n) is defined by 


2(n) = min fm: n| men) ment. 


Let k > 2 be any fired positive integer. For any real x > 2 we have the asymptotic formula 


Y 2(n)sL(n) =O ee eo (; <n): 


7 
nee =5 In‘ x 





where C(s) is the Riemann zeta function and c;, (i =1,2,--- ,k) are computable constants. 
L. Zheng and L. Gao [40]. Let S(n) denote the Smarandache function and let o,(n) 


denote the divisor function oa(n) = y d“,a>1. Let k be any fixed positive integer. For any 
d\n 
real or complex number a and real number « > 3 we have the asymptotic formula 


+3 


gat 2 k +3 a 3 
¥ oaln) (SE (n) — s(n)? = ADEN ys coe 10 ( a -| ) 


n<x j=2 In’ 





where C(s) is the Riemann zeta function and c; (i = 2,3,--- ,k) are computable constants. 


§3. Mean values of the Smarandache LCM function over sequences 
k(k+1 
H. Liu and S. Lv [14]. Define Z(n) = min fk in< ah, Let k > 2 be any fixed 
positive integer. For any real number x > 1, we have the asymptotic formula 


_ aw? (Qa)? * ¢(2x)? x2 
d_ SL(Z(n)) avon nas o( ser), 


na 1=2 








where c; (t = 2,3,--- ,k) are computable constants. 
J. Chai and L. Gao [1]. Define U(n) = min{k:n < k(2k—1),k EN}. Let k > 2 be 
any fixed positive integer. For any real number x > 1, we have the asymptotic formula 


de 6 (U(n)) ie Cade ae ; (22)? O wt 
L(U(n)) = 
144 Inv2x <= ln’ ' / 2a In®¥4 yf? 


nx 2 
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where c; (t= 1,2,--- ,k) are computable constants. 
J. Chai, L. Gao and L. Tuo [2]. Let P(n) denote the largest prime divisor of n, and 
let k > 2 be any fixed positive integer. For any real number x > 3, we have the asymptotic 


formula 








5 ns xe 273 
S- ($L(ax(n)) — (k — 1)P(n))? = 26) sper ae (= Pe (= 


where ¢(s) is the Riemann zeta function, and a,(n) denotes the k-th power complements of n. 
W. Huang [9]. Define 











ur(n) = min fm sm(m — 1)\(r-—2):n<m4 snl 1)(r—2),rEeN,r> 3}, 
1 1 
up(n) = max { | 5mm l)(r-2):n>m+ 5mm 1)\(r-2),rEeN r= 3} 


Let k be any fixed positive integer. For any real number x > 1, we have the asymptotic formula 


1 2(r —2)x)2 * e:(2(r — 2)x)3 x2 
De ee) =a = = +p Se 0 ( Se). 











n<u In 














2 r— 7) k G; r— 7) xe 
Sei = a 2) Oe ela Ze) +0( =r), 


n<ux 





where c; (t= 1,2,--- ,k) are computable constants. 


Z. Lai [11]. Define 
pa(n) = [J a, qa(n) = [[ 4. 
dl 


d\n 
d<n 


Let k > 2 be any fired positive integer. For any integer « > 1, we have the asymptotic formula 


wn? if Cx? x? 
>= SL (pa(n)) = Ome? ye +0(=5r). 








n<u i=2 In’ be 
k 
(x4 — 120?)x? dix? ee 
SL = — +0 
a (qa(n)) ae » pe Oa) 


where c; (t = 2,3,--- ,k), d; (¢ = 2,3,--- ,k) are computable constants. 
X. Zhao, L. Zhang, H. Xu and R. Guo [38]. Let A denote the set of the simple 


numbers. For any real number x > 2, we have the asymptotic formula 








Brkt! k+1 k+1 
0 Pec aa +0(% )h 
est (k+1)Inz  (k+1)?In*x In° a 
neA 

1 EvV«l 

> gs = Dinner BVM 5 (VF) 
Ree SL(n) Ina Ing 
neA 


where k is a nonnegative real number, and B,C, D,E are computable constants. 
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84. Other functions and sequences related to the Smarandache LCM function 
X. Pan [21]. Define L(n) = [1,2,--- ,n]. For any positive integer n, we have the 


asymptotic formula 


n 


L(n?) | an er (Inn) 
Ile -e+0( r( fn). 


pen? 





where II denotes the production over all prime p < n?. 
pgn? 
For any positive integer n, the famous Smarandache LCM dual function is defined by 


SL*(n) =max{k EN: [1,2,--- ,k] | n}. 


 SL* 
C. Tian and N. Yuan [23]. 1) For any real number s > 1, the series y on is 
ns 
n=1 
absolutely convergent, and 


SS SL*(n x (p* — 1)(p* - 1 
d, a = (3) oy oe. 


a=1 p 








an 


where ¢(s) is the Riemann zeta function, S- denotes the summation over all primes. 


Pp 
2) For any real number « > 1, we have the asymptotic formula 


S- SL*(n) =cx +O (In? ays 


n<u 


ea (pe = 1 1 
where c = SS S- poe is a constant. 
a=l1 Pp >) ? >) 


B. Chen [3]. Let w(n) denote all the different prime factor numbers of n. For any 





positive integer n, 


[S52 @41= 2° 
d\n 


re 


has solutions if and only if n = p*, where a> 1 and p> 3 is a prime. 


For any positive integer n, the dual function of Smarandache LCM function is defined by 


mre 1, if n=1, 

SL(n) = 
min{p}",p27,"-* perf, if mn >1 and n= py'p>?---prr. 

X. Yan [28]. For any real number x > 1, we have the asymptotic formula 


a3 = 2 +0 (ee). 





n<u 
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H. Zhao and Z. Ye [35]. 1) Let k be any fixed positive integer. For any real number 


x >1, we have the asymptotic formula 


2 2 


Sata Cx xv 
SL(n) = —+0O ; 
Xu (n) ye In’ x (<a -| 





1 
where c; (t = 2,3,--- ,k) are computable constants, and cy = =. 


2) Let p(n) denote the smallest prime divisor of n, and let k be any fixed positive integer. 
For any real number x > 1, we have the asymptotic formula 





k 5 5 
— 2 Cjx? v2 
y SL(n) — p(n))" = y — +O | —— ], 
n<a ( ‘ ) t=1 In‘ & (a :) 
: 2 
where c; (t = 2,3,--- ,k) are computable constants, and cy = =. 


X. Yan [29]. Let p(n) denote the smallest prime divisor of n, and let k be any fixed 


positive integer. For any real number x > 1, we have the asymptotic formula 


k 5 5 
Y FEtn) - (m))’ = +0 fa : | 


n<u 1=2 





4 
where c; (t= 1,2,--- ,k) are computable constants, and cy = =. 
Y. Yang [30]. Let p(n) denote the smallest prime divisor of n, and let k be any fixed 


positive integer. For any real number x > 1, we have the asymptotic formula 


CHoustin=F +P oe +0() 





k 
ae =, In‘ x lIn* x 


where c; (t= 1,2,--- ,&—1) are computable constants. 
k(k + 1) 
Y. Yang [31]. 1) Define Z(n) =mingk:n< oe 


. For any real number x > 1, 


we have the asymptotic formula 


Qu? 


SS" SL(Z(n)) - SL(Z(n)) = one (3-) 





2 
nee ln* x 


k+1 
2) Define Z(n) = min { ins aot. For any real number x > 1, we have the 


asymptotic formula 








SL(Z(n)) 2x clnlne 
SL(Z(n)) Inde ( ) ; 


2 
aA In* x 
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81. Definition and simple properties 
For any positive integer n, the Smarandache double factorial function Sdf(n) is defined as 


the smallest positive integer m such that n | m!!, where 


2x4x---xm, if 2|m, 
mi! = 


(1.1) 


1x3x-+-xm, if 24m. 


By the definition of Sdf(n), it is easy to show that Sdf(1) = 1 and Sdf(n) > 1lifn> 1. 
M. Le, Q. Yang, T. Wang, H. Li gave many properties for the value of Sdf(n). 
M. Le [7]. 1. [f2{n and 


— p21 22 Qk 
n=Pp, Po 71+ Dy, 


is the factorization of n, where pi,p2,...,pr are distinct odd primes and aj,a2,...,Qk are 


positive integers, then 


Sdf(n) = max (Sdf(p"), Sdf(p3*),.-., Sdf(py")) - 


2. If2|n and 


n= 2°n1, 


where a,n, are positive integers with 2{n1, then 
Sdf(n) < max (Sdf (2°), 2Sdf(n1)). 
3. Let p be a prime and let a be a positive integer. Then we have 


p | Sdf(p"). 
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4. Let p be the smallest prime divisor of n. Then we have 
Sdf(n) > p. 


5. The equality 
Sdf(n) =n 


holds if and only if n satisfies one of the following conditions: 
(i) n=1,9. 
(ii) n =p, where p is a prime. 

(iii) n = 2p, where p is a prime. 

6. Let p be a prime, and let N(p) denotes the number of solutions x of the equation 


Sdf(z) =p, © EN. 


For any positive integer t, let p(t) denotes the t—th odd prime. if p = p(t), then 


t-1 


N(p) = [[(@@ +), 


i=l 


where 





0 = ( [Bape] ~ [Gaye |) bt 


m=1 


7. Let a,b be two positive integers. Then we have 





Sdf (a) + Sdf(b), if 2|a and 2|b, 
Sdf(ab) < 4 Sdf(a) + 2Sdf(b), if 2|a and 246, 
2Sdf(a)+2Sdf(b)—1, if 2ta and 2b. 


8. For any positive integer m,n,k, all the solutions (m,n,k) of the equation 
Sdf(mn) = m* x Sdf(m) 


are given in the following four classes: 
(i) m=1,n and k are positive integers. 
(ii) n=1,k =1,m=1,9,p or 2p, where p is a prime. 
(iii) m = 2,k =1,n is 2 or an odd integer with n > 1. 
(iv) m=3,k=1,n=3. 
9. For any positive integer n,k withn >1,k >1. The equation 


(Sdf(n))* =k x Sdf (nk) 


has only the solutions (n,k) = (2,4) and (3,3). 
10. The equation 
Sdf (n)! = Sdf(n!) 


has only the solutions n = 1, 2,3. 
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11. For any positive integer n, we have 


Sdf(n!) < n, tf n=1,2, 


2n, if n>2. 


Q. Yang, T. Wang and H. Li [20]. 1. For any positive integer n, we have 


n, if n=1,2, 
Sdf(n!)}< 4 n-1), if n=2%a>1, 
2n, otherwise . 
2. The equality 
Sdf(n!) =n 


holds if and only if n = 1, 2,3. 
3. For any positive integer n, we have 


ME Soir 
Sdf(n!) — n 


Sdf(n!) 


4. For any ¢ > 0, there exists no positive integer n such that —~—~ <eé 
n 


5. For any positive integer n, we have 


Sdf(n), if n=1,2, 
Sdf (Sdf(n!)) = ¢ Sdf(Q2(n—1)), if n=2%,a>1, 
Sdf(2n), otherwise . 


The properties for Sdf(2n) have also been studied. 
6. If2{n, and 
= Pi" Dy? + Dy, 
where p1,P2,---,Pr are distinct odd primes and aj, a9,...,@,% are positive integers, then 


Sdf(2n) = 2max (Sdf(p"), Sdf(p5"),-.-, Sdf(pj")) - 


7. If2|n and 


n= 2°n1, 
where a,n, are positive integers with 2{n1, then 
Sdf (2n) < max (2Sdf (2%), 4Sdf(n1)). 
8. Let p be the smallest prime divisor of n. Then we have 
Sdf(2n) > 2p. 


9. the equation 
Sdf(2n) = 2n 
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holds if and only ifn =1 orn be a prime. 
Many problems and conjectures proposed by Russo have been stuied by M. Le, it is as 
follows. 
M. Le [7]. 1. For any positive integer n, we have 
aL: 


Sdf(n) = 8 + 





2. Ifn = (2r)!!, where r is a positive integer with r > 20, then 
Sdf(n) < n°". 


By the above inequality, the following conclusion has been proved. 


3. Ifn = (2r)!!, where r is a positive integer with r > 20, then the inequalities 


Sdf(n)_ 1 1 i “ie, 2 1 
nn? ax Sdf(n) Se on Sdf (n) < 7A 





are false. 


4. For any positive integer ¢, there exist some n such that 
Sdf(n) 
n 


5. The difference |Sdf(n +1) — Sdf(n)| is unbounded. 
6. The following infinite series satisfy 





<eé 





7. The following infinite product satisfy 





ae | 
P= sam =o 


§2. Mean values of the Smarandache double factorial function 
C. Dumitrscu and V. Seleacu [1]. For any real number x > 1, and any fixed positive 


integer k, then 


x Gx? x 
Y (saf(n) — P(ny? =O pyr ae o( I 


a k+1 
eae <p he log’ x 








where P(n) is the largest prime factor of n, ¢(n) denotes the Riemann Zeta-function. c(i = 
1,2,...,k) are computable constants. 
J. Gao and H. Liu [4]. 1. [fx > 2, then for any positive integer k we have 


 Aulpsarin) = 2( ! + a) ! o( Ee ), 


k 
Aes log” x 
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where 
logp, if nis a prime p, 
Ai(n) = 
0, otherwise . 
and a,(m = 1,2,...,4 —1) are computable constants. 


2. If x > 2, then for any positive integer k we have 


2 


Y amsarin)=2"($+ Y -SH) -o( 7 ); 


k 
n<ux log x 





where A(n) is the Mangoldt function. 

Z. Xu [18]. Let P(n) denotes the largest prime factor of n, S(n) denotes the smallest 
positive integer m such that n | m! ( S(n) is called the Smarandache function), then for any 
real number x > 1, we have the asymptotic formula 

—P oe 2 
Y im) - Py? = + 0(4-), 


n<ux 





where ¢(n) denotes the Riemann Zeta-function. 
J. Wang [12]. 1. For any real number x > 1 and any fixed positive integer k, we have 


the asymptotic formula 


2 3) 2? & Gx? x? 
Y (Safin) — P(ny)? = $9) 2S | o( ar): 


n<ux 1=2 





where all c; are computable constants. 
2. For any real number x > 1 and any fired positive integer k, we have the asymptotic 


formula 





Be eG 8), et of Beg 23 a 
S (Sdf(n) — $(n))° = aes s +0(—ar-): 


4 
n<ax 1=2 In’ & 


H. Shen [10]. 1. For any real number x > 2 and any fixed positive integer k, we have 


the asymptotic formula 





elnaz zlnaz 
Ds a InIna | (a) 


n<u 


J. Ge [5]. For any real number x > 1, we have the asymptotic formula 


E (soi 2AG Mn) 0h +(e 


2 
n<u In* x 





where all c; are computable constants. 
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X. Wang [13]. 


integer arrays (m1,Mg,...,Mk 


k 
sdf] mi) 


B. Zhang [22]. 


have the asymptotic formula 


+1) 


For any positive integer k > 4, there exist infinite number of positive 


) satisfy the following equation 
k 
= 5° Sdf(mi). 
i=1 


1. For any real number x > 1 and any fixed positive integer k > 2,r, we 


gktl 





S= (Sdf(n) — 


n<ux 





ei. 





| r cak tt O gkt1 
T ) 7 T . 
Inz ra In’ x Intt! y 


2. For any real number x > 1 and any fixed positive integer k > 2,r, we have the asymptotic 


a 

eaktt ght 

nO pee le 
ra In‘ x In x 


formula 


+1) g*t 
8(k +1) 





Y= (Sdf(n) — 


n<ax 





Ing 


X. Fan, X. Zhu and X. Yan [2]. 


formula 


1. For any real number x > 2 we have the asymptotic 


S In Sdf(n 


n<ux 


)=alnxz+O(z2). 


2. For any positive integer n > 1, we have 


In Sdf 
ket aE g(t 


n Inn 








). 
3. For any positive integer n > 1, we have 


34 In Sdf(k) 
k=2 Ink 





lim =, 
noo 


4. For any positive integer n > 1, we have 








Sdf(n) 1 
O(n) Cine? ; 
where O(n = In Sdf (k 
k<n 
5. For any positive integer n > 1, we have 
im 2) _ 
n—0o O(n ) 
M. Zhu [24]. For any real number x > 2, we have the asymptotic formula 


x x 
df(n) = —— pees Ie 
Dd Saf (n) a 7. = +0/ 2 ) 


ee In* x 
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X. Fan and X. Yan [3]. For any real number x > 2 and any fixed positive integer k, 


we have the asymptotic formula 


k 2 2 
x E,rv ; av 
y Sdf(n) = * Scr + > 7aea O (=). 


nN<ux 1=2 








where e;(¢ = 1,2,...,k) are computable constants. 

The famous pseudo-Smarandache function Z(n) is defined as the smallest positive integer 
m such that n < m(m + 1)/2, that is Z(n) = min{m:m € N,n < m(m + 1)/2}. 

W. Lu, L. Gao and H. Hao [8]. For any real number x > 1 and any fixed positive 


integer k > 2, we have the asymptotic formula 


an Qa)? * a;(2x)? x? 
D_ Séf(Zn)) = 3 InV2z | ys iar | o( rz) 


n<u 





where a;(i = 1,2,...,k) are computable constants. Specifically, when k = 1, then for any real 


number x > 1 we have 





nm? (2x)? x2 
© suizin) =F CR +0 (2) 7 


n<ux 


L. Wang [11]. The function U(n) is defined as the smallest positive integer k such that 
U(n) = minfk: k €e N,n < k(2k—1)}. For any real number « > 1 and any fixed positive 


integer 7 > 2, we have the asymptotic formula 


1 : bi(22) ye, r2 
Ysevim=7,-4 ae roi 5} 0( oer), 


n<ux i=2 ot 





where bj(i = 1,2,...,k) are computable constants. 
W. Huang [6]. 1. The famous pseudo-Smarandache function U,(n) and U(n) are defined 


as 





U.(n) = min {mim eN*n< m4 m(m—1)-(r—2),r Nt rash, 





1 
2 
Un) = max {mime N+ n> mt smi 1)-(r-2),r Nt raat, 


For any real number x > 1 and any fixed positive integer k > 2,r > 3, we have the following 


di(2a)? 40 x2 
eae In’ 2a Inttl ye}? 


7 5a? (Qa) 2 ei(20)? v2 
d_ Saf(U(m)) ~~ Jp =F In V2a In’ /2x o( ser), 


n<x i=2 


asymptotic formula 





BA 5a? (Qa)? 
ae T2Jr—2 InV3e 


» ve 
i) 











where dj, e;(t = 1,2,...,&) are computable constants. 
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2. Forr =6 we have 


5n2 (Qn)? fi(2x)? x2 
3 Sdf(U«(n)) 144° In V2z 5 In’ I 2x e (<tr | 

















nN<u 
br? (20)? NA, (2x)3 v3 
Sdf(U(n = . +O 
a if(U(n)) 144 InV/2zr » In’ /2x In**1 ¢ 
where fi,hi(i =1,2,...,&) are computable constants. 


3. The pseudo-Smarandache function Z,(n) and Z(n) are defined as 
-1 
Z.(n) = max {1m :>meENt n<m+ ml 
-1 
Z(n) min {im :meNtn>mt+ mh 


For any real number x > 1 we have the following asymptotic formula 


Ba? (Qar)2 x 
DSH (Z(n)) = FR "In/2e o( : ) 











mee In* x 
5a? (Qa)? 22 
SS" Sdf(Z(n)) = speed eye) ( 
ras 18 InvV2z In? x 


W. Lu and L. Gao [9]. 1. For any real number x > 2 and any fixed positive integer 
k > 2,r, when 6 > 1 we have the asymptotic formula 





S> (Sdf(n) — P(n))? = 


n<u 


C(B +1) «htt 3 ayxo +} wb+1 
2+1(8+1) Ing In‘ x In®*+} gy] 
where all a; are computable constants. 

2. Let k be any fixed positive integer , k > 2, then for any real number or complex number 
a and any real number x > 2, when B > 1 we have 


a k : x 
s 5a( ) (Sdf(n — P(n))? = (1 +2 )o(B + 1)¢(8 +1— a) . = So bj +o(, ert i: 


28+1(8 + 1) In’ x n*t! ¢ 





n<u i=2 


where b(n) is the divisor function, and all b; are computable constants. 


83. Mean values of the Smarandache triple factorial function 

For any positive integer n, the Smarandache triple factorial function d3;(n) is defined to 
be the smallest integer such that d3/(n)!!! is a multiple of n. 

Q. You [21]. 1. Ifa > 2, then for any positive integer k we have 


S seoninn=4(3+ 5 ea) + (eta) 


n<u 
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where 
logp, if nis a prime p, 
Ai(n) = 
0, otherwise . 
and ay(m = 1,2,...,4 —1) are computable constants. 


2. If x > 2, then for any positive integer k we have 


Y Aimadyin) =28(5 + Se) -o( I 


k 
n<a log x 





where A(n) is the Mangoldt function. 


84. The dual function of the Smarandache double factorial function, and other 
generalizations 
The analogue of Smarandache double factorial function is defined as 


Sdf\ (2x) = min{2m EN: 2a < (2m)!!}, a € (1,00), 


Sdf, (2x +1) = min{2m+1eEN: (Q2e4+1) < (Qm41)!!},a € (1,00), 


which is defined on a subset of real numbers. Clearly Sdfi(n) = m if x € ((m— 1)!!, m!!] for 
m > 2, therefore this function is defined for x > 1. 
M. Zhu [23]. For any real number x > 2, we have 





S > Sdfi(n) 


n<ux 


~ Inne 


_2rlne | (atraitninina) ) 


N. Yuan [19]. 1. The Smarandache t—factorial function S;,(t,n) is defined as the 


smallest positive integer m such that m!; is divisible by n", that is 
S,(t,n) = min{m € N: n¥ | mi}, 
where m!; denotes 
mi, =m x (m—t) x---x (t +7) xi,m=i(mod t),i=0,1,...,¢-1. 
For any real number x > 2 and any positive integer t, we have the following asymptotic formula 


Won—atsle? 2? +O(g), # 2It, 








2 
Si,(t,n) as 2 In In? a 
Xu cee aioe a -O (::) if 24. 


2. For any real number x > 2 and any positive integer k, we have the following asymptotic 


formula 


2 2 


> Si(tn) = 0 Sen) = o( . i 


In? x 
n<u n<u 
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3. For any real number x > 2 we have 


1 x? x 
Y Si(2.n) =} Safin) = = _ +40 (=-) , 


n<u n<ux In" x 


The dual function of the Smarandache double factorial function $**(n) is defined as 


$**(n) max{2m : (2m)!! | n,m € N*}, n be an even number , 
n)= 
max{2m —1:(2m—1)!!|n,meNt}, n be an odd number , 
where 
(Qm)!! = 2x4x---~x (2m), 
(2m—1)!! = 1x3x---x (Qn-—1). 


Y. Wang [14]. 1. For any complex number s, when Re s > 1, we have >, A(n) Sn) 


is @ convergent series, and 


y oe Je CB) a 25 0 2 Ge, “4 ~* 2in3 ie a me 
ar ¢(s) 28 "Bee 28 ge 38)? 
where ¢(s) denotes the Riemann Zeta-function, ¢'(s) is the differential coefficient of ¢(s). 


2. For any complex number s, when Re s > 1, we have 


am (( yy nen 2) a, 


let s = 2,4, we have the following equations 














\ A(n)S**(n) Inn | 3iln2 | In8 
De = re 











cet n2 Boo aes 
> A(n)S**(n) 90 Inn 431n2 ; In3 
n4 "a4 nA 640 ° 40° 


n=1 


3 
Il 
un 


Y. Wang [15]. 1. For any real number « > 1, we have 


iret (e373. ema)" °( (ais) 


n<ux 





2. For any real number x > 1 and k > 0, we have 


1 3 2. 1 Ing \* 
ky qx 3 1/2 | k+1 k 
dn(S*(n)) eit 2 ae omit)" +(x Ge ) 


n<ax 








3. For any real number x > 1 and k > 1, we have 


(Sa)? 1 2 3,71 Ae eer ca 
Dae 2t7 2, Omen) sd as Se ae 


n<x =1 
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Y. Wang [16]. For any real number x > 1, we have 


erm) = = a o( (44) ). 


n<u 





Y. Wang and T. Wang [17]. 1. For any real number x > 1 and any fixed number 


1>0, we have the asymptotic formula 


1 ze 1 Inz \° 
l ek 4_ 1/2 141 l 
S_ ni(s**(n)) aa 40 (105 + 64e +2 Omri =n)" + (4 (=<) ). 


n<u 





2. For any real number x > 1 and any fixed number | > 0(1 #1), we have 


(S**(n))t on ee 1-1 -1(_mz_)° 
a aa 105 + 64e <2 Gua)” HOV are oe | 


3. For any real number x > 1 we have 


>> (S**(n))4 = 5 (105 + 6464 + 32 3 orea)e+o( ) 


n<ux m=1 














4. For any real number x > 1, we have 


(S**(n))* _ 1/2 — 1 a a! Inz \° 
S- —y— = (105 + 64e 12 Gaal zt +O(a4(—— | ). 


nN<ux 








NiF 
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81. Smarandache simple function 

For any prime p and any positive integer k, let S,(k) denote the smallest positive integer 
such that p | S,(k). Then S,(k) is called the Smarandache simple function of p and k. 

M. Le [13]. For any p and k, we have p | Sp(k) and k(p—1) < Sp(k) < kp. 

M. Zhu [30]. On the subset of real numbers, we define additive analogues of Smarandache 


simple function S,(x) as follows: 
5, (2) = min{m € N +p" < ml}, 2 € (1,00), 


Si(x) =max{m € N:m! < p*},2 € [1, 00). 


1. For any real number x > 2, we have 


l Inl 
Sp(a) = FF +0 (= e*). 


Ing In? x 








Obviously, we have 


Bray = S*(x) +1, if c€(mi,(m+1)!) (m>1), 
; St(x), if = (mt)! (m21). 


2. For any real number x > 2, we have 


a xlnp wlninag 
S"(2) = | o( } 


lng In? x 
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M. Zhu [31]. Define additive analogues of Smarandache simple function 


Sp(n) = min{m € Nt :p"” < ml}, ne€ (1,00), 


S,(n) =max{me Nt: ml! <p"}, ne (1,00). 


1. Let p be a fixed prime, for any real number x > 1, we have 








> oa(Sp(n)) Sate in (25) +0 (aie). ifa=1, 
PalYp\h = “ atl atl yo ein 2 ; 
nsx sen) ; mate geo) (222) +O (5) ’ of a = 1. 


2. Let p be a fixed prime, for any real number x > 1, we have 


ne 


So a(S,(n)) = ine ln Ci) a O (1B :) oe, 


_ ¢(a+1) gatt got! yo p 2x ln p ott - 
n&x atl mete tae | PON pert | YF ee 








H. Liu [14]. On a subset of real numbers, we define additive analogues of Smarandache 
simple function p(x) as follows: 


p(x) =min{m € Ny: p” < ml}, «x € (1,00), 


p(x) =max{m € Ny: m!<p*}, «x € [1,0). 


1. For any real number x > 1, we have 


























atl) «*tt In alin ited ; 
fee In®™ a E [in ne — O frcos =| ’ if a> 1, 
So aa(p(n)) = alae [in fs 3] + O(x#lnz), if a=1, 
n<ax slay) aes Pp [in Fea na O [2] f- 0 Sa< 1, 








where ¢(s) is the Riemann zeta-function, oo(n) is the divisor function. 


2. For any real number x > 1, we have 
































atl) «*+1 In ain ae , 
Slat) pat [in ee | a +O [= -| ’ if a> 1, 
S- Oa(p'(n)) = ae ae [in [ez] 3] + O(xlnz), if a=1, 
n<a atl) ttt ine ain es ‘ 
< Cet) oe [in te mal +O [4] ; if O<a<l. 


H. Liu [15]. 1. Let p be a fixed prime, then for any real number « > 1, we have 


S> d(p(n «(nag — 2InInz) + O(alnp). 


n<ux 


2. Let p be a fixed prime, then for any real number x > 1, we have 


> d(p*(n)) = a(Inaw — 2InInz) + O(aInp). 


n<u 
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H. Liu [16]. 1. Let p be a fixed prime, for any real number x > 1, we have 


S> d(p(n «(Ina — InInz) + o(2). 


n<u 


2. Let p be a fixed prime, then for any real number x > 1, we have 


SS d(p* x(Inz — InInz) + o(z). 


n<ux 


H. Liu and M. Zhu [17]. 1. Let p be a fixed prime, then for any real number x > 1, 
we have 


S¢ d(p(n z(Inx — 2InInz) + O(2). 


nN<ux 


2. Let p be a fixed prime, then for any real number x > 1, we have 


S> d(p" x(Inz —2InInz) + O(z). 


n<ux 


§2. Smarandache summands function 
For any positive integer n and fixed integer k > 1, define Smarandache summands function 
S(n,k), AS(n,k) as follows: 
S(n,k)= > (n—ik), 


In—kil<n 
i=0,1,2--- 


AS(n,k)= > |n—ihl. 
|n—kil<n 
i=0,1,2:-- 


J. Wang [25]. 1. For any complex number s with Re(s) > 2, then 
Sei a anal ¢( hae! re ¢(s) 
i ns 2 98-1 7 "9 98-1 5); 


where ¢(s) is Riemann zeta-function. 





2. For any complex number s with Re(s) > 3, then 


yy =i ft saa| 6 a) f =| 6) 


n=1 








Specifically, if s = 4, then 





> S(n?,8) 1? 5x4 
~~ nt 32° 604" 
3. For any compler number s with Re(s) > 38, then 


ye ony) =|; + = [ oa ¢(s— 2) + E+ ma E =| ¢(s). 


n=1 
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Specifically, if s = 4, then 


n4é 32:96" 





> S(n?,14) 9? ox# 
n=1 
4. For any complex number s with Re(s) > 3, then 


se zw) = : f = ((s—2) +2 f = | 6 








n=1 


Specifically, if s = 4, then 





ss S(n?,6) 4x? s 1674 
owt ~ 81 2187" 


5. Let p> 2 be a prime, for any complex number s with Re(s) > p, then 


Se _2 F pon] se sedis c ) c 1] c() 





Pp Pp 


Y.Zhao [32]. 1. Let k > 1 be a fixed integral number, then for any integral number 


x >1, we have 





_4)\k 
S¢ S(n,k) = ‘ f ae y) je + R(x, k), 


nN<ax 
where |R(x,k)| < 2k? + *£a. 


2. Letk > 1 be a fixed integral number, then for any integral number x > 1, we have 





1 di 7+(-1)* 
S¢ AS(n,k) = ape ha [2 £C ) le + Ri(x,k), 


nN<u 
where |Ri(x,k)| < Zk? + tka t+ & + $. 
J. Chen [1]. 1. For any complex number s, if Re(s) > 3, then 


yo A?) < ac(s— 2) + cls), 
n=1 








where ¢(s) is Riemann zeta-function. 
2. For any complex number s, if Re(s) > 5, then 


Se = sels 4) 4 E =| 6 2) 4 E sa] [ | <( 





Specifically, if s = 6, then 


n4 ss 48 |s«#45760 43008" 





2 AS(n?,8) 1? 49n+ 77° 
n=1 


3. For any complex number s, if Re(s) > 5, then 


5 ABD = bei) [E+ ga] clo-2)+ 3 [1-2] co 


n> 





n=1 
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Specifically, if s = 6, then 


s AS(n?,4) 7? | 17x* a? 
nt ~ 24 * 2880 * 3840° 





n=1 


4. For any complex number s, if Re(s) > 5, then 


Se 6) = 26 y+[2 +] 6 +5 | t] <0. 


ns 3 





n=1 
Specifically, if s = 6, then 
Sp aan) _ | 83n* | 145678 
= ~ 9 © 10935 " 2066751" 





5. Let p> 2 be a prime, for any complex number s with Re(s) > p, then 


$A Df aeonelin 3] f- ptaeoonine Bem 


n=1 








W. Huang [9]. Let n,k > 1 are two integers, m > 0 is a fixed integer. Then we difine 


Smarandache summands function AS(n,m,k) as follows: 





AS(n,m, k) ba 


Letk > 1 andm > 0 are fixed integral numbers, for any arbitrary integral number x > 1, 


then we have 


@3 
A 
a S(n,m, k) =a + + R(az,k), 


n<u 





2 2 
where |R(x,k)| < 3 + 4 + (Bo +m+ h-hh )e. 


§3. Smarandache power function 
Define Smarandache power function S'P(n) as follows: 


SP(n) =minfm:n|m™,me N}. 


Z. Xu [27]. 1. For any real number x > 1, we have 


5 SP(n) "ll (1- Ty) +0 (28*9), 
oat p(p + 1) 
where II denotes the product of all prime, € is an arbitrary positive number. 
P 
2. For any real number x > 1, we have 


S¢ 6(SP(n)) = 52 II (1 = oat) +O (23+) 


n<x 
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where @ is Euler function. 


3. For any real number x > 1, we have 


= ! 1 
ar (SP(n =o +(74 6 er) e+0(e*), 
T 


Tv 





n<u 


where d(n) and ¢(s) denote Dirichlet divisor function and Riemann zeta-function, respectively, 
y is Euler constant. 
H. Zhou [33]. For any complex number s with Re(s) > 1, we have 











2°41 1 ey 
SoHo) a ee 
HAM) 2°41 1 25-1 if k=3 
: (SP(nk))s 2°—1 C(s) a? = ee 
= 2841 1 2°-1 , 3%=-1 . _ 
25-1 C(s) me +o, f k=4,5, 


where y(n) denotes the modbius function. 
Specifically, taking s = 2 and 4, we deduce that 

















co yn 1 4 of k= 1, 2, 
ye p(n) = 10 3 Pes 
“sh ~(SP(nk))2 n> 16? US: 
n=1 : 
3-#é+, if k=4,5. 
and 
102 if R= 1,2, 
* yr" n(n) ios 15, : 
Sa “(SP(n'))F at ~ 256° if k=3, 
n=1 : 
ai osetia if k=4,5. 
Y. He [10]. We have 
b(n) 1 
-20(0). 
Spay 2 tO le 
n<ux 
(n) 1—k 1_x 
=e 440s) 
Seay kA 
<a 
B. Cheng [2]. We define the Dirichlet ee function for the Smaracdache power 
sequence as following: SD(n) = o%(SP(n)), where o,(n =e is the divisor functions and 
d\n 
k>0. 
Let k be any real number with k > 0, then for any real number x > 1, we have 
S> sD(n “ io Oe), 
¢(2)-(k+ > 


n<ux 
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where SD(n) = ox(SP(n)), ¢(s) is the Riemann zeta-function, and € denotes any fixed positive 
number. 
Specifically, taking k = 1, then 


S¢ Ss(n) =i0 2+0 (a3 =) 


n<u 


where Ss(k) = o(SP(k)) denotes the Dirichlet divisor function for the Smaracdache power 


sequence. 
Y. Yang and M. Fang [28]. For the Smarandache power function SP(k), we have 


5, oo 1 2 tas 1 : 
Jim, S = 0, where S; = S- feat 52 = (> ata) 


k=1 
W. Huang and J. Zhao [11]. 1. For any random real number x > 3 and given real 


number k (k > 0), we have 


D_(SP))* = eaicey TT G- <a) Ha)! 





yO C(k +1) TT (1 sey tO (e*#*), 


where C(k) is the Riemann zeta-function, « denotes any fixed positive number, and II denotes 
p 
the product over all primes. 


2. For any random real number x > 3 and given real number k > 0, we have 


, orc (He en re 


n<a P 











Specifically, we have 


do (SP(n))* = 40) (1-4 +o), 








= 7 p?(p+1) 
1 96(9) 4 : 
DsPtn nia 33 Na rare 5 +0 (#49). 


3. For any random real number x > 3, andk = 1,2,3. We have 


ee — wary toe), 
S>(SP(n)) PT] (1-5 anes aa (<#*)) ; 
S > (SP(n) 8aT eon (- seen +(e). 


n<ux 
n<u 
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4. For any random real number x > 3, We have 


S- $((SP(n))*) = coke ae (1-- PE) +O (ot*#+)) 


nN<u 


where o(n) is the Euler function. 


5. For any random real number x > 3, We have 


3 d((SP(n))*) = Box In® «+ Byaln*“! x + Bow ln’? x +--+ By_yxlna + Byx + O(x?*®), 


n<u 


where d(n) is Dirichlet divisor function and Bo, Bi, Bo,-+- , Be-1, By is computable constant. 
P. Ren, Y. Wang and S. Deng [22]. 1. For any real number x > 3 and fixed real 
number k,l (k > 0,1 > 0), we have 





DRO) = ee ghti41 I (1-- as) 40 (ahi) . 
ue Or = (k as ake ie | es aa 410 (ae) . 


where C(s) is the Riemann zeta-function, € denotes any fixed positive number, and II denotes 


Pp 
the product over all primes. 


2. For any real number x > 3 and fixed real number k' > 0, we have 





! ki + 


1 


Specifically, we have 


1 9¢ 4 4 dte 
do (SP(n))* = ae 


n<ux 





(3) 


ORE: : 2 8T1( ph Jasp) Pole es 


n<ux 





3. For any real number x > 3 and fired real number, we have 


S/n'(SP(n)) = 5 TT (1 oa 


n<ux 


Eston ae sn) C6) 


n<u 











2 


SPO) = aaa TI (1-55 2) +0(a!t#), 


n<x 
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L. Gao and Y. Ma [6]. If the product of all true divisors of n less than or equal to n, 


then n is called simple number. We have 








1 _ 2ainIng LD x é clninz 
= S(SP(n)) ~ Ing | Ing In2?x J’ 
n&z 
2x In] Inl 
> S(SP(n) = PS 5 | eee 
mart Ing Ing ln“ zx 
né« 


where A denotes the set of simple numbers, S(n) is Smarandache function. 


$84. Smarandache exponent function 
For any fixed prime p and positive integer n, Smarandache exponent function e,(n) as 
follows: 


€p(n) = max{a : p® | n}. 


H. Liu and W. Zhang [18]. Let p be a prime, e,(n) denotes the largest exponent (of 
power p) which divides n, a(n,p) = a ep(k). For any prime p and any fixed positive integer 





k<n 
n, we have 
n n n n 
a(n,p) =nlnInn+en4+ cq + C2 te +Cp +o i 
S- ( ) Inn In? n In* n In*t1 n 
psn 
where k is any fixed positive integer, c;(t = 1,2,--- ,) are some computable constants. 


C. Lv [3]. Let p be a prime, ep(n) denotes the largest exponent of power p which divides 


n. Let p be a prime, m > 0 be an integer. Then for any real number x > 1, we have 





SX e(n) = Page + O0og"** 2), 


n<ux 


where ap(m) is a computable constant. 


Specifically, taking m = 1,2,3, for any real number x > 1, we have 


DL eo(n) = Fs + Ollog? 2) 





1 
S~ e2(n) = P* gw + O(log’ 2), 


ae (p= 1) 
2 
3 7 Pp + 4p + 1 4 
»s e,(n) = eats x + O(log” x). 


C. Lv [4]. Let p be a prime, d(n) is the Euler totient function. Then for any real number 
x>1, we have 
3p 2 3Bte 
S = ep(n)o(n) = Ge?” + O(x?**), 


n<ux 
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N. Gao [7]. 1. Let p and q are two primes, then for any real number « > 1, we have 


2 2 
Spee) = EE st O(x?t*), 
q+qtl 


n<u 


where € is any fixed positive number. 
2. Let q be a prime, then for any real number x > 1, we have 


S > pez) =qet+ O(x?*°), 


n<ux 


where € is any fixed positive number. 
X. Wang [26]. Let p be a prime, m > 1 be an integer, then for any real number x > 1, 


we have : 
m—_»~m =, m 1-i 
So (mn 41)™=n™)ep(n) = poimeitt Oe . 





n™ <x 


T. Zhang [34]. Let n be any positive integer, Pa(n) denotes the product of all positive 
divisors of n. That is, Pg(n) = I[¢ and let p be a prime, a,(n) denotes the largest exponent 


Pp 
(of power p) such that por(n) | n. 


Let p be a prime, then for any real number x > 1, we have 


ene | (p= 1)°27—1) = (2p* + 4p* +p? — 2p +1) Inp 


> a%(Pa(n)) = | Cea, 


| aoa 
p(p — 1) eed 





n<ux 


where y is the Euler constant, and € denotes any fixed positive number. 
Specifically, taking p = 2,3,for any real number x > 1, we have 


1 27 — 65In2—1 
S © a2(Pa(n)) — 5 ne pee 7: oe O(x3*9), 


n<u 








8y —137In3—4 
ax 


I 5 +e 
51 +t O(a? 7°). 


x a3(Pq(n)) = sre + 


n<u 


N. Gao [8]. Let p and q are primes with q > p. Then for any real number x > 1, we 








have 
= BE . 
So p= sap? + O(n?*9), if a>P, 
a = es 1 . 
nXa b—«lne t (430 1+ 8H) a { O(x2**), if q=p. 


where € is any fixed positive number, y is the Euler constant. 
X. Pan and P. Zhang [20]. 1. For any prime p and complex number s with Re(s) > 1, 


= ep(n 
aa 


n=1 n=1 ~P 


we have 











i 
Me 
WD 

ww 
~~] 
= 

I 
BA 
I |e 
ee 


where ¢(s) is the Riemann zeta-function. 


2. For any prime p, we have 
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Z. Qu [21]. For any real number x > 1 and fixed integer t > 1, 
if t>1, then 
(ptt +p—2)Ct +1) 


S- €p(n)oz(n) = (p — 1)(pt+? — 1) 


n<ux 


gt! + O(2'Inz), 





if t=1, then 
2 
3 €p(n)or(n) = sob” + O(a In x). 
W. Huang [12]. Let p,q be primes, k > 2 be a fixed positive integer, n be an arbitrary 


positive integer, Ay(n) be k-th complement number of n, ¢(s) be Riemann zeta-function. For 
any real number x > 1, we have 





x +O(x2**), 





ST pealaviny = L 4 pk-1gk-2 4 pk-2gk-3 4... 4p 
get + qh 2 + qe 3 4---4+1 








n<u 


where € is an arbitrary positive integer. 


Specifically, if k = 2 or k = 3, let p,q be primes, for any real number x > 1, we have 


Spe) ey a re + O(x?t*), 


n<u 





2 2 
eq(Aa(n)) _F TPATP, | oi ptte 
Pe. @+qtl ( ) 


n<u 


G. Ren [23]. 1. Let q>3 be any fixed positive integer, then for any real number x > 1, 
we have 


€g(n) = a + O(log x). 


n<ux 
2. Ifq > 3 be any fixed positive integer, k > 2 is an integer, then we have 
S- k ae oo 1 log*t! 
e,(n) _ am) es 0g £), 
n<u 


where By(k) is given by the recursion formulas: B,(0) = a 


Bie - (({) Bate 1)+ (5) Balk - eee. = 1) Balt) + B,(0) + 1) 


Specifically, taking q = pip2 in Theorem 1, where p1,p2 are two fixed distinct primes, for 
any real number x > 1, we have 


x 
€p ip. (nm) = ——— + O(log z). 
 enaln) = —"— + Ofloge) 


n<ux 
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Y. Liu and P. Gao [19]. For any positive integer n, we have n = u*v, where v is a 
k-power free number. Let by(n) be the k-power free part of n. Let p be a prime, k be any fixed 
positive integer. Then for any real number x > 1, we have 


S— ep(be(n)) = 


n<ux 





p*—p k-1 
( 


gete 
GSH 7 F1)* toe, 


where € denotes any fixed positive number. 


Specifically, taking k = 2, for any real number x > 1, we have 


a+ O(ax2**). 


S> ep(be(n)) = 


n<ux 





pti 


G. Ren [24]. Let p and q be two distinct primes, then for any real number x > 1, we 


have 





= ea z+ 
Dd era(n) = = + Ol ); 


n<ux 


where € is any fixed positive number. 


W. Zhang [35]. For any fixed prime p and any real number x > 1, we have 


pt+l 


=> av n°? 2). 
D- n( Spl) = G—ayee + Oln* a) 


nN<ux 





Specifically, taking p = 2,3, for any real number x > 1, we have 


S © a2($2(n)) = 3a + O(n’ x), 


n<x 


S| a3(93(n)) = 2 + O(In* 2). 


nN<ax 
J. Zhao [36]. Let p be a prime, then for any real number x > 1, we have 


S~ ep(n) = C(p, k)ap(k)a® + O(a +9), 
n<a 
neEA 


6k 1 1 
oon = 3 (1-0 aaa): 


apy(k) is a computable positive constant, € > 0 is any fixed real number, and II denotes the 
q 


where 





product over all prime q. 
Q. Yang and M. Yang [29]. Define for any two primes p and q with (p,q) = 1, let 
Cpq(n) denotes the largest exponent of power pq which divides n. That is 


Cpq(n) = max{a : (pq)* | n,ae€ NT}. 
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Let p and q are two primes with (p,q) =1, then for any real number « > 1, we have 


S €pq(n) = C,gha* an O(a **), 
nu 


neA 


where 





_(-V)a-)G_n 
Cpa = pq » (pq)” 


is a computable positive constant, and € denotes any fixed positive number. 
n 
J. Du [5]. Define arithmetical function bpg(n) = S- €nq (=) €pq(t). Let p and q are two 


t|n 
distinct primes, then for any real number x > 1, we have 








l 1= 3 + 2 2pq1 
Se ne Y= pa + 2pqy pan), +0 (ad), 


~ (pq — 1)? | (pq — 1)8 


n<u 


where € is any fixed positive number, and y is the Euler constant. 
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